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Introduction 



These notes are an expanded version of the Aisenstadt lectures given at the 
CRM, Universite de Montreal, in May/June 2002; they also include material from 
lectures given at MIT during the Fall of 1999 [L12]. I wish to thank Jacques 
Hurtubise for inviting me to give the Aisenstadt lectures. 

Hecke algebras arise as endomorphism algebras of representations of groups 
induced by representations of subgroups. In these notes we are mainly interested 
in a particular kind of Hecke algebras, which arise in the representation theory of 
reductive algebraic groups over finite or p-adic fields (see 0.3, 0.6). These Hecke 
algebras are specializations of certain algebras (known as Iwahori-Hecke algebras) 
which can be defined without reference to algebraic groups, namely by explicit 
generators and relations (see 3.2) in terms of a Coxeter group W (see 3.1) and 
a weight function L : W — > Z (see 3.1), that is, a weighted Coxeter group. An 
Iwahori-Hecke algebra is completely specified by a weighted Coxeter graph, that 
is, the Coxeter graph of W (see 1.1) where for each vertex we specify the value of 
L at the corresponding simple reflection. 

A particularly simple kind of Iwahori-Hecke algebras corresponds to the case 
where the weight function is constant on the set of simple reflections (equal param- 
eter case). In this case one has the theory of the "new basis" [KLl] and cells [KLl], 
[L6] , [L8] . The main goal of these notes is to try to extend as much as possible the 
theory of the new basis to the general case (of not necessarily equal parameters). 
We give a number of conjectures for what should happen in the general case and 
we present some evidence for these conjectures. 

We now review the contents of these notes. 

§1 introduces Coxeter groups following [Bo]. We also give a realization of the 
classical affine Weyl groups as periodic permutations of Z following an idea of [L4] . 
§2 contains some standard results on the partial order on a Coxeter group. In §3 
we introduce the Iwahori-Hecke algebra attached to a weighted Coxeter group. 
Useful references for this are [Bo] , [CP] . In §4 we define the bar operator following 
[KLl]. This is used in §5 to define the "new basis" (c^) of an Iwahori-Hecke 
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algebra following [KLl] for equal parameters and [L3] in general. In §6 we study 
some multiplicative properties of the new basis, following [KLl] and [L3]. In §7 
we compute explicitly the "new basis" in the case of dihedral groups. In §8 we 
define left, right and two-sided cells. In §9 we study the behaviour of the new 
basis in relation to a given parabolic subgroup. In §10, §12 we study a "basis" dual 
to the new basis. In §11 we consider the case of finite Coxeter groups. In §13 we 
study the function a on certain weighted Coxeter groups following an idea from 
[L6]. In §14 we present a list of conjectures concerning cells and the function a 
and we show that they can be deduced from a much shorter list of conjectures. 
These conjectures are established in a "split case" in §15 (following [L8]), in a 
"quasisplit case" in §16 and for an infinite dihedral group in §17. Note that in the 
first two cases the proof requires arguments from intersection cohomology while 
in the third case the argument is computational. In §18, assuming the truth of 
these conjectures we develop the theory of "asymptotic Hecke algebras" J in the 
weighted case, following an idea from [L8]. §19, §20, §21 (where W is assumed 
to be a Weyl group) are in preparation for §22 where the class of constructible 
representations of W is introduced and studied in the weighted case (conjecturally 
these are the representations of W carried by left cells), for §23 where two-sided 
cells are discussed and for §24 where certain virtual representations of W ("virtual 
cells) are discussed. In §25 we discuss the weighted Coxeter groups which arise 
in the examples 0.3 and 0.6. We formulate a conjecture (25.3) which relates the 
two-sided cells of such a weighted Coxeter group to the two-sided cells of a larger 
Coxeter group with the weight function given by the length. In §26 we state 
(following [L13]) the classification of irreducible representations of Hecke algebras 
of the type discussed in 0.6 in terms of the geometry of the dual group. In §27 we 
give a new realization of a Hecke algebra as in 0.3 or 0.6 as a space of functions 
on the rational points of an algebraic variety defined over F^. This leads us to a 
(partly conjectural) geometrical interpretation of the coefficients Py^w of the new 
basis of the Hecke algebra in terms of intersection cohomology, generalizing the 
results of [KL2] . We expect that this geometrical interpretation should play a role 
in the proof of the conjectures in §14 in the cases arising from algebraic groups as 
in 0.3, 0.6. 

0.1. In 0.1-0.8 we give a survey of the theory of Hecke algebras arising from 
reductive groups. 

Let r be a group acting transitively on a set X. If E is a F-equivariant C- 
vector bundle over X (with discrete topology) then the fibre E^; of E at x G X is 
naturally a representation of = {g & F; gx = x}. Moreover, for a; e X, E i— > E^; 
is an equivalence from the category of F-equivariant vector bundles on X of finite 
dimension and that of finite dimensional F^j-modules over C. 

Let E be a F-equivariant C-vector bundle of finite dimension over X. Then 
F acts naturally on the vector space (Bxex'^x- (This is the representation of F 
induced by the representation of F^; on E^,, for any x e X.) The C-algebra 

H = H{T, X, E) = Endr(©xexE^) 



HECKE ALGEBRAS WITH UNEQUAL PARAMETERS 



3 



is called the Hecke algebra. The image of the obvious imbedding 

Hg Yl Hom(E^,E^O> 0^ (0x')(x,x')exxx 

{x,x')€XxX 

consists of all (/^,) G n(a;,a:')exxx Hom(Ea;, E^;') such that 

for any x E X we have = for all but finitely many x' E X; 

for any g eT and any (x, x') E X x X, the compositions Ea; — ^ 'Ex' Eg^', 

j-gx 

Ea; — > Yigx > Egx' coincide. 

For any F-orbit C in X x X we set 

He = H{r, X, E)c = {0 e ; 0^, ^ ^ (a;', a;) e C}. 

Then He — unless C is finitary in the following sense: 

for some (or any) x E X, the set {x' E X; {x', x) E C} is finite, 
in which case 

He ^ Homr^nr,, (E.^, E^^O, ^ 0^' 
for {x',x) E C. Moreover, 

(a) H = ®e finitary -f^C • 

0.2. To explain how Hecke algebras arise from reductive algebraic groups we need 
the notion of "unipotent cuspidal representation". 

Let p be a prime number and let F be an algebraic closure of the finite field 
with p elements. Let g be a power of p and let Fg be the subfield of F with q 
elements. Let G be a connected reductive algebraic group over F with a fixed Fg 
structure and let F : G — > G be the corresponding Frobenius map. 

We refer to [DL] for the notion of unipotent cuspidal representation of the 
finite group = G(Fq). We will only give here the definition assuming that q 
is sufficiently large. Let E be an irreducible representation over C of and let 
Xe '■ G^ — > C be its character. We say that E is unipotent if, for any F-stable 
maximal torus T of G, the restriction of xe to the set of regular elements in 
is a constant, say ct E Z. We say that E is unipotent cuspidal if, in addition, for 
any T as above that is contained in some proper F-stable parabolic subgroup of 
G, we have ct = 0. 

The unipotent cuspidal representations of G^ are classified in [L5] . For example, 
if G is a torus times a symplectic group of rank n > then G^ has (up to 
isomorphism) a unique unipotent cuspidal representation if n = + k for some 
integer A; > 0, and none, otherwise. 

0.3. Let G,F be as in 0.2. For any parabolic subgroup P of G let Up be the 
unipotent radical of P and let P = P/Up. Let V be an F-stable G-conjugacy 
class of parabolic subgroups of G and let E be a G'^-equivariant vector bundle 
over (a G^-homogeneous space) such that for some (or any) P E , the 
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P-'^-action on the fibre Ep of E at P factors through a unipotent, cuspidal P^- 
module. (To give such E is the same as to give, for some P G , a unipotent 
cuspidal representation of P^ .) The Hecke algebra H{G^ ,'Ei) is defined. 

Let W be the set of G-orbits on the set of ordered pairs of Borel subgroups in 
G\ it is known that W may be naturally regarded as a finite Coxeter group (see 
1.1) with a set S of simple reflections. Now any Borel subgroup of G is contained 
in a unique subgroup in P; this defines a (surjective) map from W to G\{V x V), 
the set of G-orbits in 7-* x 7-*. The inverse image of the diagonal orbit under this 
map is the subgroup Wj of W generated by a subset J oi S and W ^ G\{V xV) 
factors through a bijection 

(a) Wj\W/Wj ^G\{VxV). 

Let W be the set of all w & W such that wWj = Wjw and w has minimal length 
in wWj = WjW. Then W is a subgroup of W. The Frobenius map u : W — > W 
restricts to an isomorphism u : W — > W whose fixed point set is naturally 
a Coxeter group with simple reflections indexed by u\{S — J) (set of orbits of 
u : S — J — > S — J). See 25.1(a). A G-orbit (9 on P x 7-" is said to be good if for 
(P, P') G C we have {Pr\P')Up = P or equivalently {PnP')Up> = P' . Otherwise, 
O is said to be bad. If O is a good, P-stable G-orbit on P x P then is a G^- 
orbit on x and dimi7(G^, P^, E)of = 1. If O is an P-stable bad G-orbit 
on P X P then is a G^-orbit on P^ x P^ and dim iy(G^, P^, E)of = 0. Now 
the bijection (a) restricts (via the imbedding C Wj\W/Wj, w i— WjwWj) 
to a bijection w of onto the set of good, P-stable G-orbits on P x P. 

It follows that 0.1(a) becomes in our case 

(b) (G^, P^, E) = ®^,ew^H{G^, P^, E)o^ 
with 

(c) dim iy(G^, P^, E)o^ = 1 for aU w e 

Let Tfc be the generator of corresponding to k &u\{S — J). There is a unique 
basis element T,-^ of iy(G^, P^, E)o^^ such that 

(d) (T.,+Q-^'=/2)(T.,-Q^'=/2) = 

for some A^^ G Z>o. {N^ is uniquely determined.) The elements T-j-y. {k G u\{S—J)) 
generate the C-algebra H{G^ , P^, E). They satisfy identities of the form 

for k k' in u\{S — J); both products have a number of factors equal to the order 
of TfcTfc/ in W^. Now Tt-j. I— > Tt-^ gives an isomorphism from an Iwahori-Hecke 
algebra (see 3.2) specialized at v = ^/q to the algebra H(G^ ■,'E). 

The function k h- >^ Nf^ coincides with the function k i— L(Tk) in 25.2. 

(The results in this subsection appeared in [L2,L1]. In the special case where P 
is the set of Borel subgroups of G and E is the trivial vector bundle C, they were 
first proved by Iwahori [I]; if, in addition, tt = 1 on 1^ then Nf. = I for all k.) 
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0.4. Let V be an Fg-vector space of dimension n > 2. Then G = SL{F 
V) has a natural Fg-structure. Let V be the set of all Borel subgroups of G. 

Then may be identified as a set with G^^^-action with the set JF of all flags 
K = (Vo C Vi C V2 C . . . C Vn) of subspaces of V (dimV^ = i for aU i). 

Let K = (V^o C C ^2 C . . . C K), V: = {V^ CVI CV^ C ... C be 
flags in JF. For i G [0, n],j G [1, n] we set dij = dim v^^ 1 ^ -^^^ ^ ^ """l 

we set Xi = {j G [1, n]; = 1}. Then = C Xi C X2 C . . . C X„ = [1, n] 
and for z G [l,n] there is a unique G such that Xi = U {oi}. Also, 

i 1-^ is a permutation of [l,n]. Now (14,1^/) 1-^ (oj) deflnes a bijection of 
QF\^(jyF y. -pF^ ^ G^\(JF X JT) with the symmetric group 6^. Let E be the trivial 
G^-equi variant vector bundle C on ~ T . Then H{G^ , E) is deflned. In 
our case we have W = W = = &n- 

0.5. Let V,n be as in 0.4. Assume that n — 2m and that V has a flxed non- 
degenerate symplectic form (, ) -.VxV^ Fq. Then G = Sp{F ® V) has a natural 
Fg-structure. Assume that m = r + k'^ + k where A; G N, r G Z>o- Let be the set 
of all flags Kk = (Vo C Vi C V2 C . . . C K-) of isotropic subspaces of V (dim Vi = i 
for all i). There is a unique G-conjugacy class V of parabolic subgroups of G such 
that, if K G J-', then 

{(7GG';^7(F®y,) =F®y, Vj} G P. 

We may identify = J-' as spaces with G'^-action. 

Let t/ 1-^ be a functor from the category of symplectic vector spaces of 

dimension 2k'^ + 2k over F^ (and isomorphisms between them) to the category 
of C-vector spaces (and isomorphisms between them) such that for any U, the 
5^(6^) -module Vk{U) is unipotent, cuspidal. (Such a functor exists and is unique 
up to isomorphism.) Let E be the vector bundle over (or equivalently JF) 
whose fibre at K = (V"o C Vi C V2 C . . . C Vr) G JT^ is Vk{V^^/Vr). (Here 
V,^ = {xeV;{x,Vs) = 0}.) 

This vector bimdle is naturally G"'^-equivariant (since Dj- is a functor). Hence 
H{G^, P^, E) is defined. 

Let K = (Fo C Vi C F2 C. . . C Vr), K' = {Vq CVIcV^C ...C V;) be flags 
in J^. The G-orbit of the point oiV xV corresponding to (K, K') is good if the 
following three equivalent conditions hold: 

Kny; = Kny;^, 
Vr n = v^^ n y;, 
Vr n VI = (v;^ n v;^) n (v; + v;). 

If these conditions hold, we can define an isomorphism '^'y', : /Vr V^^/F/ 
by requiring that the diagram 

{Vr^nvi^)/{Vrnv;) (F,^ n v;^)/(i; n v/) 



Vr^/Vr — ^ v;^/v; 
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(where the vertical maps are the isomorphisms induced by the inclusion) is com- 
mutative. In this case, to (K, V^) we associate an element a of the group Wr of 
permutations of S = {1, 2, . . . , r, r', . . . , 2', 1'} that commute with the involution 
f : S ^ SJ j'J' j. For j G [1, r] we set 

Aj ^{he [1, r]-Vh-i n ^ n F/}, = f{h e [i, r]; n ^ n V/}. 

Then tt(AjnSj) =j,Air]Bi C AaHSa C . . . C ^sH-Bg and h e Aj =^ h' Bj. 
For J G [1, r] define aj G 5 by Aj U = {ai, a2, . . . , ttj}. Then cr is defined by 
the condition that a{j) — aj for j G [1, r]. We see that in our case, W = may 
be identified with Wr- In our case, the Iwahori-Hecke algebra corresponds to the 
weighted Coxeter graph 

*2k+l = »! — »! — • • • — »! 

(r vertices); in the case where r = 1 this should be interpreted as a graph with 
one vertex marked by 2A; + 1. 

0.6. Let e be an indeterminate. Let K be the subfield of F((e)) generated by 
Fg((e)) and F. Let G be a split connected simply connected almost simple alge- 
braic group over K with a fixed Fg((e))-rational structure. We identify G with its 
group of K-points. There is a " Frobenius map" F : G — > G whose fixed point set 
is G(Fq((e))). Let B be the set of all Iwahori subgroups of G. (This concept will 
be illustrated in 0.7.) A subgroup of G is said to be a parahoric subgroup if it is 
^ G and it contains some Iwahori subgroup. If P is a parahoric subgroup then P 
has a " pro-unipotent radical" Up and P = P/Up is a connected, reductive group 
over F. Let V be an F-stable G-conjugacy class of parahoric subgroups of G and 
let E be a G'^^-equi variant vector bundle over (a G ^-homogeneous space) such 
that for some (or any) P G ^ the P^-action on the fibre Ep of E at P factors 
through a unipotent, cuspidal P^-module. (To give such E is the same as to give, 
for some P G , a unipotent cuspidal representation of P^ .) The Hecke algebra 
if(G^,P^,E) is defined. 

Let W be the set of G-orbits on i3 x i3; it is known that W may be naturally 
regarded as a Coxeter group (more precisely, an affine Weyl group, see 1.15) with 
a set S of simple refiections. Now any Iwahori subgroup of G is contained in a 
unique subgroup in P; this defines a (surjective) map from W to G\(P x P), the 
set of G-orbits in P x P. The inverse image of the diagonal orbit under this map 
is the subgroup Wj of W generated by a subset J of S and — > G\(P x P) 
factors through a bijection 

(a) Wj\W/Wj ^ G\(P X P). 

Let yy be the set of all w E W such that wWj — Wjw and w has minimal length 
in wWj = Wjw. Then >V is a subgroup of W. The Frobenius map u : W ^ W 
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restricts to an isomorphism u : W ^ W whose fixed point set is naturally an 
infinite Coxeter group with simple reflections indexed by u\{S — J) (set of orbits of 
u : S — J S — J). (We make the additional assumption that ^{u\{S — J)) > 2.) 
See 25.1(a). A G-orbit C on P x P is said to be good if for (P, P') e O we have 
{Pr\P')Up = P or equivalently {Pr\P')Up' = P' . Otherwise, O is said to be bad. 
If O is a good, F-stable G-orbit on V x V then is a G^-orbit on x 
and dimiy(G^,P^,E)oF =1. If O is an F-stable bad G-orbit on P x P then 
is a G^-orbit on P^ x P^ and dim if (G^, P^, E)^^ = 0. Now the bijection 

(a) restricts (via the imbedding C Wj\W/Wj, w i— > WjwWj) to a bijection 
w I— Ow of onto the set of good, F-stable G-orbits on P x P. It follows that 
0.1(a) becomes in our case 

(b) H{G^, P^, E) = e„gw«i^(G^, P^, E)o^ 
with 

(c) dimiy(G^,P^,E)o^ = 1 for aU weW. 

Let Tk be the generator of corresponding to k & u\{S — J). There is a unique 
basis element Tr^. of i7(G^, P^, E)©^^ such that 

(d) (r., + 9-^'=/2)(T.,-?^'=/2) = o 

for some Nk G Z>o. {Nk is uniquely determined.) The elements Tt^, {k G u\{S—J)) 
generate the C-algebra H{G^ , P^, E). They satisfy identities of the form 

rri rji rji rji rji rji 

-'■rk-'-Tk'-'-Tk ' ' ' — J-Tf.i-l-Tk-'-Ty • • • 

for k ^ k' in u\{S — J) with TkTk' of order < oo in (both products 

have mk,k' factors). Now T^-^ i— > T^-^ gives an isomorphism from an Iwahori-Hecke 
algebra (see 3.2) specialized at v = ^/q to the algebra H{G^ , P^, E). The function 
k I— > Nk coincides with the function k ^ L{Tk) in 25.2. 

(The results in this subsection appeared in [L10,L11]. In the special case where 
V = B, u = 1 and E is the trivial vector bundle C, they were first proved by 
Iwahori-Matsumoto [IM]; in this case, Nk = 1 for all k.) 

0.7. Let V be an ((e)) -vector space of dimension n G [2, oo) with a fixed volume 
form (jo. Then G = SL{¥ Op, V) is as in 0.6. Let 21 = Fq[[e]]. A lattice in V is 
an 2t-submodule of V of rank n which generates V. For a lattice £ in F we set 
vol{C) = r where m G Z is defined by the condition that the n-th exterior power 
of C (an 2t-module) has e~^a; as basis element. Let be the set of all sequences 
of lattices {Cj)j^z such that 



Cj-i C Cj, vol{Cj) = j, eCj = Cj-n 
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for all j. We may identify with as sets with (transitive) G'^^-action. 
Let = {Cj)j£z,^'* = {^j)jez be elements of J^. For i,jeZ we set 

For i G Z let Xi = {j G Z; d,^ = 1}. Then X,_i C for all i and S(Xi-Xi_i) = 1 
for all i. Define Oj G Z by = Xj_i U {aj}. Now = — n. Hence 

(a) Oi+n = ai + n for all z G Z. 

One can check that i i— > is a bijection Z — > Z. Using the fact that vol{Cj) = 
vol{C'j) — j we see that 

n 

(b) J](a,-i)=0. 

1=1 

This gives a bijection of W onto the group of all bijections Z —>■ Z that satisfy 
(a),(b) (see 1.12). 

0.8. Let V,n be as in 0.7. Assume that n = 2m and that V has a fixed non- 
degenerate symplectic form (, ) : V x V ^ Fg((e)). Then G — Sp{F V) is 
as in 0.6. If £ is a lattice in V then = {a; G F; (a;, C) G 21} is again a lattice; 
moreover, (£1*)^ = C. Assume that m = r + k^ + k + l^ + l where fc, /, r G N, r > 1. 
Let be the set of all integers of the form a + 2mt where t G Z and 

k'^ + k<a<k'^ + k + roT - (k'^ + k + r) < a < -{k^ + k). 

Let T be the set of all sequences of lattices {Cj)j^j^ such that 

Cj C if j < j' in AT, 

C] = C-j for aU j G TV, 

e>Cj = Cj-2m for all j G jV, 

vol{Cj) = j for aU j G A/". 
Here the volume of a lattice is defined in terms of the volume form on V attached to 
the symplectic form. There is a unique G-conjugacy class V of parahoric subgroups 
of G such that, if {Cj)j^_\f G JF, then 

{g eG;g{F(^£j) = F(^£j Vj G A/"} G P. 

We may identify and as sets with G-'^-action. If {Cj)j^j^ G JF, then 
the Fq-vector space jCf.2^f;/ jC_f.2_^. (of dimension 2k'^ + 2k) has a natural non- 
degenerate symplectic form induced by x, y i— > Res{x,y) and the F^-vector space 
'^2m-k^-k-r/'^k^+k+r (of dimension 21^ + 21) has a natural non-degenerate sym- 
plectic form induced by x,y i— > Res{x,ey). Here i?es : Fq((e)) — > Fg denotes 
residue at 0. 
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Let Vk be a functor as in 0.5 and let Vi be an analogous functor obtained by- 
replacing k by I. Let E be the vector bundle over (or equivalently J^) whose 
fibre at {jCj)j^j\f & is 

T^ki^k^+k/^-k'^-k) ® 'Di{C2m-k2-k-r/^k^+k+r)- 

This vector bundle is naturally G^-equivariant (since Pfe, Vi are functors). Hence 
H{G^ lE) is defined. In our case, the Iwahori-Hecke algebra corresponds to 
the weighted Coxeter graph 

•2fe+l = «i — •! — — = •21+1 

(r + 1 vertices) ; in the case where r = 1 this should be interpreted as a Coxeter 
graph with 2 vertices marked by 2A; + 1, 2Z + 1, joined by a quadruple edge. 

0.9. Notation. We set [a,b] = {z e Z;a < z < b}, [a,b) = {z e Z;a < z < b}. If 

X is a subset of a group G, we denote by {X) the subgroup of G generated by X. 
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1. COXETER GROUPS 

1.1. Let 5" be a finite set and let {ms,s'){s,s')eSxS be a matrix with entries in 
N U {oo} such that nis^s = 1 for ciU s and rus^s' = "^s',s > 2 for all s ^ s' . (A 
Coxeter matrix.) In the case where ms,s' G {2, 3, 4, 6, oo} for all s ^ s', the matrix 
{ms,s')(s,s')eSxS is completely described by a graph (the Coxeter graph) with set 
of vertices in bijection with S where the vertices corresponding to s ^ s' are joined 
by an edge if ms,s' = 3, by a double edge if ms,s' = 4, by a triple edge if ms,s' = 6, 
by a quadruple edge if ms,s' = oo. 

Let W be the group defined by the generators s{s e S) and relations 

(ss')"^^.^' = 1 

for any s, s' in S such that rus^s' < oo- We say that W, S is a, Coxeter group. Note 
that the Coxeter matrix is uniquely determined by W,S (see 1.3(b) below). We 
sometimes refer to W itself as a Coxeter group. In W we have = 1 for all s. 
Clearly, there is a unique homomorphism 

sga:W ^ {1,-1} 

such that sgn(s) = —1 for all s. {"Sign representation".) 

For w eW let l{w) be the smallest integer g > such that w = siS2 . . .Sq with 
si, S2, . . . , Sq in S. (We then say that w = siS2 ... is a reduced expression and 
l{w) is the length of w.) Now 1{1) = 0,l{s) = 1 for s e 5'. (Indeed, s 1 in W 
since sgn(s) = —1, sgn(l) = 1.) 

Lemma 1.2. Let w eW,s e S. 

(a) We have either l{sw) — l{w) + 1 or l{sw) = l{w) — 1. 
(h) We have either l{ws) — l{w) + 1 or l{ws) = l{w) — 1. 

Clearly, sgn(w) = (—1)^*^'^). Since sgn{sw) ~ — sgn(w), we have (—!)'(*"') = 
Hence l{sw) ^ l{w). This, together with the obvious inequalities 
l{w) — 1 < l{sw) < l{w) + 1 gives (a). The proof of (b) is similar. 

Proposition 1.3. Let E he an 'R.-vector space with basis {es)ses- For s & S 
define a linear map as '. E ^ E by as{es') = e^/ + 2 cos Cg for all s' e S. 

(a) There is a unique homomorphism a : W ^ GL{E) such that a{s) = as for 
all s E S . 

(h) If s ^ s' in S, then ss' has order ms,s' in W . In particular, s ^ s' in W. 

We have as{es) = — and ag induces the identity map on E/TLeg. Hence 
(Tg = 1. Now let s s' in S, m = rUs^s', $ = '^s'^s'- We have 

$(e,) = (4cos2 ^ - l)e, + 2cos ^e,^ 

$(es') = -2 cos ^es - e^/. 
Hence ^» restricts to an endomorphism of Rcg ® Re^/ whose characteristic poly- 
nomial is 

o~- 

- 2 cos —X + 1 = (X - e2'^^/^)(X - g-^^^^/"^). 
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It follows that, if 2 < m < oo, then 1 + (p + (p'^ -\ h 0"""^ = 0. The same holds 

if m = 2 (in this case we see directly that = —1). Since $ induces the identity- 
map on E/CRcs © Rcg/), it follows that ^ : E ^ E has order m (if m < oo). If 
m = CX3, we have (p 1 and {(/) — 1)^ = 0, hence has infinite order and $ has 
also infinite order. Now (a), (b) follow. 

Corollary 1.4. Let si ^ S2 in S. For k > let Ik = siS2Si ... (k factors), 
2fe = S2S1S2 • • • (k factors). 

(a) Assume that m — ms^,s2 < Then (si,S2) consists of the elements 

Ife, 2fe (k = 0,1, . . . , m); these elements are distinct except for the equalities Iq = 
2o) Im = 2m. For k e [0,m] we have l{lk) = ^(2fc) = k. 

(h) Assume that ms-^^s2 = cxo- Then (si,S2) consists of the elements Ik, '2k 
(k = 0,1, . . .); these elements are distinct except for the equality Iq = 2q. For all 
k > we have l{lk) — li^k) — k. 

This follows immediately from 1.3(b). 

We identify S with a subset of W (see 1.3(b)) said to be the set of simple 
reflections. Let 

T = U^(.wwSw~^ C W. 

Proposition 1.5. Let R = {1, -1} x T. For s e S define : R R by 
Us{e,t) = (e(— l)"^^-', sts) where 5 is the Kronecker symbol. There is a unique 
homomorphism UofW into the group of permutations of R such that U {s) — Us 
for all s & S. 

We have Ug{e, t) = (e(— 1)^='*+^='=*% t) = (e, t) since the conditions s = t, s ~ sts 
are equivalent. Thus, Ug — 1. For s ^ s' in S with m = ms,s' < 00 we have 

UsUs'{e,t) = (e(-l)^-'.*+'^^.^'*=',ss'ts's) 

hence 

{UsUs'Ti^.t) = {e{-lY,{ssTt{s'sr) = (6(-l)^^) 

where 

« = 5s\t + 5s,s'ts' + 5s>,ss'ts's + • • • = 5s\t + 5s>ss',t + 5s>ss'ss',t + . . . 

(both sums have exactly 2m terms). It is enough to show that k is even, or that 
t appears an even number of times in the 2m-term sequence s' , s'ss' , s'ss'ss' , .... 
This follows from the fact that in this sequence the A;-th term is equal to the 
(k + m)-th term for A; = 1, 2, . . . , m. 

Proposition 1.6. Let w G W . Let w = S1S2 . . . Sq be a reduced expression, 
(a) The elements si, S1S2S1, S1S2S3S2S1, . . . , S1S2 . . . Sq . . . S2S1 are distinct. 
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(b) These elements form a subset ofT that depends only on w, not on the choice 
of reduced expression for it. 

Assume that S1S2 . . .Si . . . S2S1 = S1S2 . . .Sj . . . S2S1 for some 1 < i < j < q. 
Then Si = Si+iSi+2 ...Sj... Si+2Si+i hence 

S1S2 ■ ■ ■Sq = S1S2 ■ ■ . Si-l{Si+lSi+2 ■ - -Sj . . . Si+2Si+l)Si+i . . -SjSj+l . . . Sg 
= S1S2 ■ ■ ■ Si-iSi+lSi+2 . . . Sj-lSj+i . . .Sq, 

which shows that l{w) < q — 2, contradiction. This proves (a). 

For (e,t) e i? we have (see 1.5) U{w~^){e,t) = {er]{w,t),w~^tw) where 77 (tu, t) = 
±1 depends only on w, t. On the other hand, 

U{w-^){e,t)^Us^...Us,{e,t) 

= (^e(^_l)'5si,t+5siS2Si,tH \-Ssi...Sq...si,t ^ W~^tw). 

Thus, r]{w,t) = (-i)'5«i.t+^«i«2«i.t+---+'5«i --q --i.t. Using (a), we see that for t eT, 
the sum ^ + 5siS2Si,t + ■ ■ ■ + ^si...sg...si,t is 1 if t belongs to the subset in (b) 
and is 0, otherwise. Hence the subset in (b) is just {t e T;r]{w,t) = —1}. This 
completes the proof. 

Proposition 1.7. Let w E W,s e S be such that l{sw) = l{w) — 1. Let w = 
S1S2 ■ ■ - Sq be a reduced expression. Then there exists j G [1, q] such that 

SS1S2 • • • Sj-i = S1S2 . . .Sj. 

Let w' = sw. Let w' = s'is'2 . . . s'g_i be a reduced expression. Then w = 
SS1S2 . . ■s'g_i is another reduced expression. By 1.6(b), the g-term sequences 

si, S1S2S1, S1S2SSS2S1, . . . and s, ss'iS, ss'is'2s'iS, . . . 

coincide up to rearranging terms. In particular, s = siS2 . . .sj . . .S2S1 for some 
j e [l,q]. The proposition follows. 

1.8. Let X be the set of all sequences (si, S2, ■ ■ ■ , Sq) in W such that S1S2 ■ ■ - Sq 
is a reduced expression in W. We regard X as the vertices of a graph in which 
(si, S2, . . . , Sg), (s'l, S2, . . . , Sq/) are joined if one is obtained from the other by re- 
placing m consecutive entries of form s, s' , s, s' , . . . by the m entries s' , s, s' , s, . . .; 
here s ^ s' in S are such that m = mg^s' < oo- We use the notation 

(Si, S2, . . . , Sq) ~ (s'l, 4, • • • , 4') 

for " (si, S2, ■ ■ ■ , Sq), {s'l, S2, . . . , s'g,) are in the same connected component of X" . 
(When this holds we have necessarily q — q' and siS2- ■ - Sq — s'iS2 ■ ■ - s'q in W .) 
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The following result is due to Matsumoto and Tits. 

Theorem 1.9. Let s = (si, S2, . . . , Sg), s' = (s'l, S2, . . . , s^) in X he such that 
S1S2 . . .Sq = s[s2 . . . s'q = w e W . Then s ~ s'. 

Let C (resp. C) be the connected component of X that contains s (resp. s'). 

For i e [1, g] we set 

s(z) = (. . . , s'l, si, si, S2, S3, ... , Si) (a Q'-element sequence in 5), 
s(i) = . . . s'iSis'iSiS2S^ . . .Si & W (the product of this sequence). 

Let C{i) be the connected component of X that contains s(i). Then s = s{q). 

Hence C = C{q). 

We argue by induction on q. The theorem is obvious for q E {0, 1}. We now 
assume that q > 2 and that the theorem is known for — 1. We first prove the 
following weaker statement. 

(A) In the setup of the theorem we have either s ~ s' or 

(a) S1S2 ■■■Sq = s[siS2 . . . and {s[, Si, S2, • • • , Sq-i) ~ (s'l, S2, ■■■,s'q). 

We have l{s'iw) = l{w) — 1. By 1.7 we have s'iSiS2 ■ ■ ■ Si-i = S1S2 ■ ■ - Si for some 
i e [1, q], so that w — S1S1S2 ■ ■ ■ Si-i^i+i . . .Sq. In particular, 

(s'l, Sl, S2, . . . , Sj_i, Sj+i, . . . , Sq) E X. 

By the induction hypothesis, (si, S2, . . . , Sj-i, Sj+i, . . . , Sq) ~ (^2, . . . , s'q). Hence 

(b) (s'l, Sl, S2, • • • , Sj-l, Sj+i, . . . , Sg) ~ (s'l, S2, • • • , Sq). 

Assume first that i < q. Then from s^siS2 . . . Si_iSi_|_i . . . Sq-i — S1S2 ■ ■ ■ Sg-i and 
the induction hypothesis we deduce that 

{s[, Sl, S2, . . . , Si_i, Sj+i, . . . , Sq-i) ~ (si, S2, . . . , Sg_i), heuce 

{S'l, Sl, S2, . . . , Si_l, Si_|_l, . . . , Sg_l, Sg) G C. 

Combining this with (b) we deduce that C = C . 

Assume next that i = q so that S1S2 ■ ■ - Sq — s'iSiS2 . . . Sq_i. Then (b) shows 
that (a) holds. Thus, {A) is proved. 

Next we prove for p E [0, g — 2] the following generalization of {A). 

(Ap) In the setup of the theorem we have either C = C or: 

for i E [g — P — 1, g] we have s{i) E X, s{i) — w, Ci = C if i — q E 2Z, Ci = C 
if i-q ^2Z. 

For p = this reduces to (A). Assume now that p > and that (^p_i) is already 
known. We prove that (Ap) holds. 

If C = C , then wc arc done. Hence by {A'p_i) we may assume that: for 
i E [q-p, q] we have s{i) e X,s{i) = w, Ci = C if i- q E 2Z, Ci = C if i-q ^ 2Z. 

Applying (A) to s(g — p),s{q — p + 1) (instead of s,s'), we see that either 
Cq-p = Cq-p-^-i or: 
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s{q - p),s{q - p - 1) are in X, s{q - p) ^ s{q - p - 1) and Cq-p-i = Cq-p+i. 
In both cases, we see that (A'p) holds. 

This completes the inductive proof of (A'p). In particular, {A'g_2) holds. In 
other words, in the setup of the theorem, either C = C holds or: 

(c) for i e [l,g] we have s{i) e X,s{i) — w, Ci — C if i — q & 2Z, C'i — C if 
i~q^2Z. 

If C = C", then we are done. Hence we may assume that (c) holds. In particular, 

(d) s(2)eX,s(l)GX,s(2)=s(l). 

From s(l) G X and g > 2 we see that s' ^ s and that q < m — ma,a'- From 
s(2) = s(l) we see that S2 G (si, s'l), hence S2 is either si or s\. In fact we cannot 
have S2 = si since this would contradict s(2) G X. Hence S2 = s'^. We see that 
s(2) = (. . . , s\, si, s'l, si, s'l) (the number of terms is q,q <m). Since s(2) = s(l), 
it follows that g = m, so that s(2), s(l) are joined in X. It follows that C2 = Ci. 
By (c), for some permutation a, 6 of 1, 2 we have Ca — C^Cj, — C . Since Ca = Ci, 
it follows that C = C . The theorem is proved. 

Proposition 1.10. Let w eW and let s,t E S he such that l{swt) — l{w), l{sw) = 
l{wt). Then sw = wt. 

Let w = S1S2 ... be a reduced expression. 

Assume first that l{wt) = q+1. Then S1S2 . . . Sgt is a reduced expression for wt. 
Now l{swt) = l{wt) — 1 hence by 1.7 there exists i G [1, g] such that ssiS2 ■ ■ ■ Si-i = 
S1S2 ■ ■ ■ Si or else SS1S2 ■ ■ - Sg = S1S2 ■ ■ ■ Sgt. If the second alternative occurs, we 
are done. If the first alternative occurs, we have sw — S1S2 ■ ■ ■ s^-iSi+i ■ ■ ■ Sg hence 
l{sw) < q — 1. This contradicts l{sw) — l{wt). 

Assume next that l{wt) = q — 1. Let w' = wt. Then l{sw't) = l{w'),l{sw') = 
l{w't). We have l{w't) = l{w') + 1 hence the first part of the proof applies and 
gives sw' — w't. Hence sw — wt. The proposition is proved. 

1.11. We can regard S as the set of vertices of a graph in which s, s' are joined 
if nia^ai > 2. We say that W is irreducible if this graph is connected. It is easy 
to see that in general, W is naturally a product of irreducible Coxeter groups, 
corresponding to the connected components of S. 

In the setup of 1.3, let (, ) : i? x £" ^ R be the symmetric R-bilinear form given 
by (cs, Cg/) = — cos ■ Then a{w) : E ^ E preserves (, ) for any w G W . 

,s' 

We say that W is tame if (e, e) > for any e E E. It is easy to see that, if W 
is finite then W is tame. 

We say that W is integral if, for any s ^ s' in we have 4cos^ 7?r~7 ^ ■'^ 
equivalently ms,s' ^ {2, 3, 4, 6, 00}). 

We will be mainly interested in the case where W is tame. The tame, irreducible 
W are of three kinds: 

(a) finite, integral; 

(b) finite, non-integral; 

(c) tame, infinite (and automatically integral). 
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1.12. For A; e Z define p/, : Z ^ Z by pkiz) = z + k. Let n > 2. Let W be the 
group of all permutations cr : Z — > Z such that apn = PnCr. Define x : — > Z 
by xi^) = '^kexi'^i^) ~ ^) where X is a set of representatives for the residue 
classes mod n in Z. One checks that x does not depend on the choice of X and 
X is a group homomorphism with image nZ. Now W = ker(x) is generated by 
{sm', m e 7i/n7?^ where : Z — > Z is defined by 

Sm{z) = z+ l if z = m mod n, 

Smiz) = z — liiz = m-\-l mod n, 

Sm{z) = z for all other ^ G Z. 
It is a Coxeter group on these generators, said to be of type An-i- (This description 
of W' appears in [L4].) For n > 3, m,m' E Z/nZ are joined by a single edge in 
the Coxeter graph if m — m' = 1 mod n and are not joined otherwise. For n = 2, 
0, 1 e Z/2Z are joined by a quadruple edge in the Coxeter graph. The length 
function on W' is given by 

l{a) = i{YjTn) 

where, for a e W', 

Ya = {(ij) e Z X Z;i<j,a{i) > a{j)} 

and YajTn is the (finite) set of orbits of r^'-Ya ^ Y„, (z, j) i— (i + n, j + n). 

1.13. Assume now that n = 2p > 4, where p e N. Let W be the subgroup of W 
consisting of all cr e that commute with the involution Z ^ Z, 2; i— > 1 — 2;. We 
compute x(c) for £ ^ 1 taking X = {— (p — 1), . . . , —1, 0, 1, 2, . . . 

x(^) = E (^(^) - ^) + E (^(1 - ^) - (1 - ^)) 

fce[i,p] fce[i,p] 

= E E (1 - ^(/^) - (1 - /^)) = 0. 

fe€[l,33] fe€[l,33] 

Thus, is a subgroup of W' . Now is generated by Sq, s^, . . . , where 

= So, = SlS_i, S2 = S2S_2, . . . , = Sp_lSl_p, = Sp. 

It is a Coxeter group on these generators, said to be of type Cp. The Coxeter 
graph is 

• = • — • — . . . — • = • 

with vertices corresponding to 0, 1, 2, . . . , p — 1, p. 

Let a eW. We have a partition Y^ = Y^ U Y^ where 



Y^ = e Z X Z-i<j,a{i) > a{j),i + j ^ 1 mod 2p}, 



16 



G. LUSZTIG 



= {{ij) e Z X Z;i<j,a{i) > a{j),i + j = 1 mod 2p}. 

Now /Tn is the fixed point set of tlie involution of Y^jr^ induced by the invo- 
lution (i, 2) ^ (1 — 1 — ^) of ^cr- Hence we have ^{yal^n) = 2Z°((j) + l^io) where 
= tt(1^7^n)/2, l^{o) = ^(Y^/Tn) are integers. Now ^ (z, ^) is a 
bijection of Y^ with 

{(i, /i) e Z X Z; 2i < 1 + 2ph, 2a{i) > 1 + 2j9/i} = {{i,h) e Z x Z;i < ph < a{i)}. 
It follows that 
where 

fii) = ^{x epZ-i<x < a{i)). 
Let Z' = + 2pZ, Z" = [1 - 0] + 2j3Z; then Z = Z' U Z". We have /^f^) = 
l'{a) + l"{a) where 

ie[l-p,0];a(i)eZ",i<CT(i) i&[l,p];a{i)&7,' ,i<cr{i) 

ie[l-p,0];(T(i)eZ',i<CT(i) i6[l,p];a(i)eZ",j<<j(i) 



i"w= E ^+ E 

ie[l-p,0];CT(i)eZ",i<cT(i) ie[l,p];o-(i)eZ',i<CT(i) 

+ E ^+ E 

ie[l-p,0];o-(i)eZ',i<CT(i) ie[l,p];o-(i)eZ",i<CT(i) 

These arc integers since /(z) is even if z, (t(z) are in the same set Z' or Z" and is 
odd otherwise. We see that the length of cr in W is 2f[(j) + l\(j)+l'\(j). On the 
other hand, the length of cr in is 

l\a) + l'{a) + l"{a). 

Now /'(cr) (resp. /"(cr)) is the number of times that Sq (resp. s'^) appears in a 
reduced expression of cr in M^. 

One can show that /" are weight functions on W in the sense of 3.1. 

Define x' ■ W ^ {±1} and x" ■ W ^ {±1} by x'{<^) = {-'^Y'^''^ x"{(^) = 
Then x', x" are group homomorphisms. 

Assuming that p > 3, let W = ker(x'). This is the subgroup of W generated 

by 

I I I I I I I 
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It is a Coxeter group on these generators, said to be of type Bp. The Coxeter 
graph has vertices 1, 1, 2, . . . , (p — 1), p corresponding to Sqs'iSq, s'l, • • • ) ^p-i) ^'p 
and edges 

• — • — • — ... — • = • 

• 

Assuming that p > ^, let W" = ker(x') n ker(x"). This is the subgroup of W (or 
W) generated by 

It is a Coxeter group on these generators, said to be of type Dp. The Coxeter 
graph has vertices 1, 1, 2, . . . , (p — 1), (p — 1) and edges 

• — • — • — ... — • — • 

1.14. Let p>g>r>lbe integers such that p~^ +q~^ +r~^ = 1. Then p, q, r is 
3, 3, 3 or 4, 4, 2 or 6, 3, 2. Thus, q and r divide p. Consider the graph with vertices 

{(^,0,0);ie[l,p]}U{(0,^,0);ie[l,g]}U{(0,0,^);ie [l,r]} 

where (p, 0, 0), (0,p, 0), (0, 0,p) are identified; the edges are 
(f,0,0)-((^,0,0),l<.<p, 

(0,f,0)-(0,^^,0),l<z<Q, 

(0,0,^)-(0,0,^),l<i<r. 
The Coxeter group W corresponding to this graph is said to be of type En where 
n = p + q + r-3. Thus, n e {6, 7, 8}. 

Let W be of type Eq. Let W be the subgroup of W generated by 

Sl,Q,Q, 52,0,05 ■53,0,07 ^Q, 2, 0*0, 0,2, S0,1,0S0,0,1 • 

(The index of a generator of W is the corresponding vertex of the graph.) Then 
W is a Coxeter group on these generators, said to be of type F4. The Coxeter 
graph is 



Let W be of type D4. The standard generators may be denoted by sq, Si, S2, S3, S4 
where the Coxeter graph has vertices 0,1,2,3,4 with four edges joining with 
1, 2, 3, 4. Let W be the subgroup of W generated by si, sq, S2S3S4. Then W' is a 
Coxeter group on these generators, said to be of type G^- The Coxeter graph is 
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1.15. The collection of Coxeter groups of type A^_i(n > 2), Dn{n > 4), Cn{n > 
2), Bn{n > 3), En{n = 6, 7, 8), F4, G2 (see 1.12-1.14) coincides with the collection 
of infinite, tame, irreducible Coxeter groups (or affine Weyl groups). 

1.16. Let W, S be an affine Weyl group. Let T be the union of all finite conjugacy 
classes in W. Then T is a normal, finitely generated free abelian subgroup of W 
of finite index. Let Smin be the set of all s G S' such that the obvious composition 
{S — {s}) — > W — > W/T is an isomorphism. (This composition is injective for any 
s e S.) Now Smin 7^ 0- We describe Smin in each case. 

If W is of type A^-i we have Smin — S. In the setup of 1.13, Smin corresponds 
to the following vertices of the Coxeter graph: l,p, ii W is of type Cp-, 1,1, ifW 

is of type Bp-, 1, 1, (p — 1), (p — 1), if is of type Dp. In the setup of 1.14, if W is 
of type En then Smin corresponds to the following vertices of the Coxeter graph: 
(1, 0, 0), (0, 1, 0), (0, 0, 1) if W is of type Eg; (1, 0, 0), (0, 1, 0) if W is of type Et, 
(1, 0, 0) if W is of type Eg. If W is of type F4 then Smin = {^1,0,0}; if W is of 
type G2 then Smin = {^i}- 

1.17. For a Coxeter group W, S we denote by Aw the group of all automorphisms 
of W that map S into itself. (This is also the group of automorphisms of the 
corresponding Coxeter graph.) 

1.18. Let W,S be an affine Weyl group. Let T C VF be as in 1.16. Let O be 
the set of all a G Aw such that there exists w E W with a{t) = wtw~^ for all 
t & T . Now n is a commutative normal subgroup of Aw- The action of Aw on 
W restricts to an action of Vt on Smin which is simply transitive. 

1.19. For any I C S, let Wj = (I). Then (Wj,!) is a Coxeter group whose 
Coxeter matrix is a submatrix of that of W, S. See §9. 

1.20. Let S be an affine Weyl group. Let s G Smin- Then Ws-{s}i S — {s} is 
a finite Coxeter group. 

A finite Coxeter group is said to be of type An-i{n > 2) (resp. Cn{n > 2), 
Bn{n > 3), Dn{n > 4), En{n = 6,7,8), ^4,^2) if it is isomorphic to Ws-{s} 
for some W,S,s as above, where W has type An-i{n > 2) (resp. Cn{n > 2), 
Bnin > 3), Dnin > 4), Enin = 6, 7, 8), F4, 62). 

The collection of Coxeter groups of type An-i{n > 2), C„(n > 2), -B„(n > 3), 
Dnin > 4), En{n = 6, 7, 8), F4, G2 coincides with the collection of finite, integral, 
irreducible Coxeter groups 7^ {1} (or Weyl groups). The group W = {1} with 
^ = is also considered to be a Weyl group. Note that the types Cn and Bn 
coincide for n > 3. 

1.21. Let W,S he a Weyl group of type Eg. Let W be the subgroup of W 

generated by 

-S2,0,0'So,2,0, 0,0^0, 4,0, ■S4,0,0'S6,0,0, ■S5,o,oSo,0,3- 
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(The index of a generator of W is the corresponding vertex of the graph, see 1.13.) 
Then W' is a (finite, non-integral) Coxeter group on these generators, said to be 
of type H4. This description of appeared in [L4]. 

2. Partial order on W 

2.1. Let W,S' be a Coxeter group. Let y,w be two elements of W. Following 

Chevalley, we say that y < w if there exists a sequence y = yo, yi, 1/2, • • • , l/n = w 
in W such that l{yk) — liVk-i) = 1 for /c G [l,n] and yky^-i ^ ^ (o^ equivalently 
yk-iVk^ e T, or y^^yk-i G T, or y^-iVk e T) for k G [1, n]. This is a partial order 
on W. Note that y < w implies y~^ < and l{y) < l{w). We write y < w or 
w > y instead of y <w,y ^ w. If w & W,s & S then, 

sw < w if and only if l{sw) = l{w) — 1; 

sw > w if and only if l{sw) = l{w) + 1. 

Lemma 2.2. Let w = S1S2 ■ ■ - Sg be a reduced expression in W and let t & T. The 

following are equivalent: 

(i) U{w-^){e,t) = {-e,w-^tw) fore = ±1; 
(a) t = S1S2 . . .Si . . . S2S1 for some i G [1, q]; 
(Hi) l{tw) < l{w). 

The equivalence of (i),(ii) has been proved in 1.6. 

Proof of (ii) =4> (iii). Assume that (ii) holds. Then tw = si . . .Si-iSj+i . . .Sq 
hence l{tw) < q and (iii) holds. 

Proof of (iii) (i). First we check that 

(a) U{t){e,t) = {-e,t). 

If t E S, (a) is clear. If (a) is true for t then it is also true for sts where s G 5. 
Indeed, 

U{sts){€,sts) = UsUit)Us{€,sts) = UsUit)i€i-l)^^'^*%t) = C/,(-e(-l)'^-^*% t) 
^(_e(-l)^^,-+^3.*,t) = (-e,t); 

(a) follows. Assume now that (i) does not hold; thus, U{w~^){e,t) = {e,w~^tw). 
Then 

U{{tw)-'^){e,t) = U{tv-^)U{t){e,t) = U{w-^){-e,t) = {-e,w-Hw) 
= {-e,{tw)~^t{tw)). 

Since (i) =^ (iii) we deduce that l{w) < l{tw); thus, (iii) does not hold. The 
lemma is proved. 
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Lemma 2.3. Let y,z eW and let s E S. If sy < z < sz, then y < sz. 

We argue by induction on l{z) — l{sy). If l{z) — l{sy) — then z — sy and the 
result is clear. Now assume that l{z) > l{sy). Then sy < z. We can assume that 
sy < y (otherwise the result is trivial). We can find t eT such that sy < tsy < z 
and l{tsy) = l{sy) + 1. If t = s, then y < z and we are done. Hence we may 
assume that t ^ s. We show that 

(a) y < stsy. 

Assume that (a) does not hold. Then y, tsy, sy, stsy have lengths q + 1, q + 1, q, q. 
We can find a reduced expression y = ssiS2 . . .Sq. Since l{stsy) < l{y), we see 
from 2.2 that either sts = ssi . . . Si . . . sis for some i e [1, q] or sts = s. (This last 
case has been excluded.) It follows that 

tsy = Si . . .Si . . . S1SSS1S2 . . . Sq = Si . . . Si^iSi+i . ..Sq. 

Thus, l{tsy) < q — 1, a. contradiction. Thus, (a) holds. Let y' = stsy. We have 
sy' < z < sz and l{z) — l{sy') < l{z) — l{sy). By the induction hypothesis, y' < sz. 
We have y < y' hy (a), hence y < sz. The lemma is proved. 

Proposition 2.4. The following three conditions on y,w & W are equivalent: 

(i) y < w; 

(ii) for any reduced expression w = S1S2 ■ ■ - Sg there exists a subsequence ii < 
i2 <■■■< ir of 1,2, ... ,q such that y = Si^Si^ ...Si^, r = l{y); 

(Hi) there exists a reduced expression w = siS2...Sq and a subsequence ii < 
12 < ■ ■ ■ < ir of 1,2, ... ,q such that y = si^si^ ■ ■ - Si^. 

Proof of (i) => (ii). We may assume that y < w. Let y = yo, yi, y2, . . . ,yn = w 
be as in 2.1. Let w = siS2...Sq be a reduced expression. Since e 
T, l{yn-i) = l{yn) — I5 we see from 2.2 that there exists i e such that 

yn-iy~^ = S1S2. ..Si.. . S2S1 hence yn-i = S1S2 • • • Si-iSi+i ...Sq (a reduced ex- 
pression). Similarly, since yn-2yn-i ^ ^7 Kyn-2) = Ky-n-i) — 1, we see from 2.2 
(applied to 2/n-i) that there exists j G [1, — {i} such that yn-2 equals 

S1S2 . . . Si_iSi+i . . . Sj_iSj + i ...SqOT S1S2 . . . Sj_iSj + i . . . Sj_iSj+i ...Sq 

(depending on whether i < j or i > j). Continuing in this way we see that y is of 
the required form. 

The proof of (ii) => (iii) is trivial. 

Proof of (iii) =4> (i). Assume that w = siS2...Sq (reduced expression) and 
y = Si^Si^ • • • -Sv where ii < ^2 < • • • < V is a subsequence of 1, 2, . . . , g. We argue 
by induction on g. If g = there is nothing to prove. Now assume g > 0. 

If ii > 1, then the induction hypothesis is applicable to y,w' — S2 . . . Sq and 
yields y < w' . But w' < w hence y < w. If zi = 1 then the induction hypothesis is 
applicable to y' = Si^ . . . Si^,w' = S2 . . . Sq and yields y' < w' . Thus, siy < siw < 
w. By 2.3 we then have y < w. The proposition is proved. 
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Corollary 2.5. Let y,z eW and let s e S. 

(a) Assume that sz < z. Then y < z ^ sy < z. 

(b) Assume that y < sy. Then y < z y < sz. 

We prove (a). We can find a reduced expression of z of form z = ssiS2 . . .Sq. 
Assume that y < z. By 2.4 we can find a subsequence ii < i2 <■■■< ir of 
1, 2, . . . , g such that either y = Si^Si^ ■ ■ ■ Si^ or y = ssi-^^Si^ ■ ■ - Si^. In the first case 
we have sy — ssi-^Si^ ■ ■ - Si^ and in the second case we have sy — Si-^Si^ ■ ■ ■ Si^. In 
both cases, sy < z hy 2.4. The same argument shows that, if sy < z then y < z. 
This proves (a). 

We prove (b). Assume that y < z. We must prove that y < sz. If 2: < sz, this 
is clear. Thus we may assume that sz < z. We can find a reduced expression of 
z of form z — ss\Si . . . Sq. By 2.4 we can find a subsequence ii < i2 < ■ ■ ■ < ir of 
1,2, . . .,q such that either 

y = Si^Si^ . . . Si^,l{y) = r or y = sSi^Si^ . . . Si^,l{y) = r + 1. 

In the second case we have l{sy) = r < l{y), contradicting y < sy. Thus we are 
in the first case. Hence y is the product of a subsequence of Si, S2, . . . , Sg and 
using again 2.4, we deduce that y < sz (note that sz — S1S2 . . .Sg is a reduced 
expression). The lemma is proved. 

3. The algebra H 

3.1. Let W, S he a, Coxeter group. A map L : W — > Z is said to be a weight 
function for W if L{ww') = L{w) + L{w') for any w,w' &W such that l{ww') — 
l{w) + l{w'). We will assume that a weight function L : VF — > Z is fixed; we then 
say that W,L is a weighted Coxeter group. (For example we could take L = I; in 
that case we say that we are in the split case.) Note that L is determined by its 
values on S which are subject only to the condition 

L{s) = L{s') for any s s' in S such that nis^s' is finite and odd. 
We have L{w) — L{w~^) for all w eW. 

Let A = 7i[v, v~'^] where v is an indeterminate. For s E S we set Vs = v^^*^ e A. 

3.2. Let Ti be the ^-algebra defined by the generators Ts{s G S) and the relations 

(a) (Ts - Vs){Ts + v;^) = for s e 5 

(b) TgTs'Ts ■ ■ ■ — TgiTsTgi . . . 

(both products have nis^s' factors) for any s ^ s' in. S such that nis^s' < 00; 7i is 
called the Iwahori-Hecke algebra. We have Ti = 1, the unit element of H. 

For w E W we define Ty^ E 7i hy T^ — Ts^Ts^ ■ ■ ■ Ts^, where w — S1S2 . . .Sq is 
a reduced expression in W. By (b) and 1.9, T^ is independent of the choice of 
reduced expression. From the definitions it is clear that for s E S,w eW we have 

TsTy, = T,^ if l{sw) = l{w) + l. 
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TsT^ = Ts-w + {vs - ^)T^ if l{sw) = l{w) - 1. 

In particular, the ^-submodule of 7i generated by {T^; w e W} is a left ideal of 
H. It contains 1 = Ti hence it is the whole of H. Thus {T^'iW e W} generates 
the ^-module H. 

Proposition 3.3. {Tyj^w e W} is an A-basis ofH. 
We follow the lines of the proof in [Bo, Ex.23, p. 55]. 

We consider the free ^-module S with basis {ew)wew- For any s E S we define 
^-linear maps Ps,Qs '■ £ — ^ ^' by 

Ps{ew) = esw if K^'w) = l{w) + 1, 

Psiew) = esw + {vs - v~^)ew if l{sw) = l{w) - 1; 

Qs{ew) = e-ws if l{ws) = l{w) + 1, 

Qs(ew) = e„s + {va - vj'^)e^ if l{ws) = l{w) - 1. 
Wc shall continue the proof assuming that 

(a) PsQt = QtPs for any s,t in S. 

Let 21 be the ^-subalgebra with 1 of End(£) generated by (Pj; s G S}. The map 
^ £ given by tt i— > 7r(ei) is surjective. Indeed, if w = siS2 . . .Sg is a reduced 
expression in W, then = Ps^ ■ ■ ■ Ps„ ei. Assume now that tt e 21 satisfies 
7r(ei) = 0. Let tt' = Qs^ ■ ■ ■ Qsi- By (a) we have tttt' = tt'tt hence 

= 7r'7r(ei) = 7nv'{ei) = ii{Qsq ■ . .Qsi(ei)) = 7r(e^„). 

Since w is arbitrary, it follows that tt = 0. We see that the map 21 — ^ £^ is injective, 
hence an isomorphism of ^-modules. Using this isomorphism we transport the 
algebra structure of 21 to an algebra structure on £ with unit element ei. For 
this algebra structure we have -Ps(ei)7r(ei) = Ps(7r(ei)) for s e 5,77 e 21. Hence 
BsCw — Psie^) for any w E W, s E S. It follows that 

(b) e^e,^ = e^,^, if l{sw) = l{w) + 1, 

(c) CsCw = + {vs - v~'^)ew if l{sw) = l{w) - 1. 

From (b) it follows that, if tu = siS2 ■ ■ - Sq is a reduced expression, then = 
Cs^Cgj . . .Csg. In particular, if s s' in 5' are such that m = ms,s' < 00 then 
egCs'Cs • • • = es'eges' . . . (both products have m, factors); indeed, this follows from 
the equality Css's... = ^s'ss'... (see 1.4). From (c) we deduce that e'^ = 1 + {vs — 
v~^)es for s E S, or that (e^ — Vs){es + v~^) — 0. We see that there is a unique 
algebra homomorphism H ^ £ preserving 1 such that Tg 1— > Cg for all s E S. It 
takes Tw to for any w E W. Assume now that E A {w E W) are zero 
for all but finitely many w and that a^Tw — in H. Applying TC £ we 
obtain a^ew = 0. Since [cw) is a basis of £, it follows that = for all 
w. Thus, {T^; w E W} is an ^-basis of Ti. This completes the proof, modulo the 
verification of (a). 

We prove (a). Let w E W. We distinguish six cases. 
Case 1. swt, sw, wt, w have lengths q + 2,q + l,q + l,q. Then 
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Case 2. w, sw, wt, swt have lengths g + 2, g + 1, g + 1, g. Then 
PsQt{ew) = QtPs{ew) 

= eswt + {vt - v^'^)esw + {vs - vj^)eu,t + {vt - Vt^){vs - v~'^)ew. 
Case 3. wt, swt, w, sw have lengths g + 2, g + 1, g + 1, g. Then 

PsQt{ew) = QtPs{ew) = eswt + K - v~^)e^f 
Case 4. sw, swt, w, wt have lengths g + 2, g + 1, g + 1, g. Then 

PsQtiew) = QtPs{ew) = eawt + {vt - Vt^)esw 
Case 5. swt, w, wt, sw have lengths g + 1, g + 1, g, g. Then 

PsQt{ew) = eswt + {vt - v^'^)esw + {vt - v^^){vs - v~^)eu,, 

QtPs{ew) = eswt + {vs - v~'^)eyjt + {vt - Vf^){vs - v~^)eyj. 
Case 6. sw, wt, w, swt have lengths g + 1, g + 1, g, g. Then 

PsQt{ew) = eswt + {vs - v~^)eu,t, 

QtPs{ew) = eswt + {vt - Vt^)esw 

In case 5 we have L{t) + L{wt) — L{w) = L{stvt) = L{s)+L{tvt) hence L{t) = L{s) 
and Vs = Vt- In case 6 wc have L{t) + L(swt) = L{sw) = L{wt) = L{s) + L{swt), 
hence L{t) = L{s) and Vs — Vt- In cases 5, 6 we have sw — wt by 1.10. Hence 
PsQtiew) — QtPs{ew) in each case. The proposition is proved. 

3.4. There is a unique involutive antiautomorphism /i i— > /i^ of the algebra Ti, 
which carries Tg to Ts for any s & S. It carries Tw to T^-i for any w e W. 

3.5. There is a unique algebra involution of Ti. denoted h ^ such that = 
— for any s e S. We have = sgn{w)T~^i for any w e W. 

4. The bar operator 

4.1. We preserve the setup of 3.1. For s & S, the element G 7i is invertible: 
= Ts — (vs — v~^). It follows that Tw is invertible for each w E W; if 
w = S1S2 ... is a reduced expression in W, then T~^ — T~^ . . . T~^T~^. 
Let": ^ — > ^ be the ring involution which takes v'^ to for any n e Z. 
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Lemma 4.2. (a) There is a unique ring homomorphism~ : H ^ H which is 
A-semilinear with respect to~: A ^ A and satisfies Ts = for any s E S. 
(b) This homomorphism is involutive. It takes T^ to T~\ for any w E W. 

The following identities can be deduced easily from 3.2(a),(b),(d): 

{T-^-v-^){T-^+Vs)^OiorseS, 

t:^t;,^t-^.-- = t:,^t-^t;,\.. 

(both products have rus^s' factors) for any s ^ s' m. S such that ms,s' < oo; (a) 
follows. 

We prove (b)._Let s e S. Applying"to Tsfg = 1 gives fgfs = 1. We have also 
TgTs — 1 hence Tg =Ts. It follows that the square of" is 1. The second assertion 
of (b) is immediate. The lemma is proved. 

4.3. For any w & W we can write uniquely T^ = X^ygiv ^y,wTy where ry^w e A 
are zero for all but finitely many y. 

Lemma 4.4. Let w & W and s & S be such that w > sw. For y &W we have 

"^VjW — fsy,sw if < Uj 

'^y,w — fsy,sw ~l~ {Pa '^s )^y,sw if > V- 

We have 

T-w — Tg Tg^ — (Tg (fg Vg )) ^ ^ fy,swTy 

y 

~ y ^ '^y,SwTgy — y^(t^S ~ Vg )ry^ayjTy + ^ ^ [Vg — Vg )ry^gyjTy 

y y y;sy<y 

= fsy,SwTy — {Vg — Vg )ry^gwTy. 

y y;sy>y 
The lemma follows. 

Lemma 4.5. For any y,w we have Ty^y, = sgn.{yw)ry^ui. 

We argue by induction on l{w). If l{w) = 0, then w = 1 and the result is 
obvious. Assume now that l{w) > 1. We can find s & S such that w > sw. 
Assume first that sy < y. From 4.4 we see, using the induction hypothesis, that 



'^y,w — f sy,sw 



= sgn{sysw)rgy^s^ = sgn{yw)ry,^ 



Assume next that sy > y. From 4.4 we see, using the induction hypothesis, that 

ry,w = rgy,snj + {v~^ - Va)ry^gy, = sgn{sysw)rsy^g^ + (v'^ - Vg)sgii{y sw)ry^g^ 

= Sgli{yw){rgy,ayj + {v g - Vg^)ry,g-uj) = Sgli{y w) V y . 

The lemma is proved. 
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Lemma 4.6. For any x, z & W we have J2y '^x,yTy,z 
Using the fact that "is an invohition, we have 



Tz — Tg — "^^ry^zTy — ^^fy^zTy — fy,zfx,yTx- 
y y y X 

We now compare the coefficients of Tx on both sides. The lemma foUows. 

Proposition 4.7. Let y,w E W . 

(a) Ifvy^^ 7^ 0, then y <w. 

(b) Assume that L{s) > for all s E S. If y <w, then 
ry,w = mod v^^'^^-^^y^-^Zlv'^], 

ry^yj = sgn(y«))t;--^(™)+-^(2^) mod t;--^(^)+-^(3^)+iZ[^;] . 

(c) Without assumption on L, ry,^ G v^^^^~^^y^Z[v'^ , v~'^]. 

We prove (a) by induction on l{w). If l{w) = then w = 1 and the result 
is obvious. Assume now that l{w) > 1. We can find s E S such that w > sw. 
Assume first that sy < y. From 4.4 we see that rgy^sw hence, by the induction 
hypothesis, sy < sw. Thus sy < sw < w and, by 2.3, we deduce y < w. Assume 
next that sy > y. From 4.4 we see that either rgy^sw 7^ or ry^sw 7^ hence, by 
the induction hypothesis, sy < sw or y < sw. Combining this with y < sy and 
sw < w we see that y < w. This proves (a). 

We prove the first assertion of (b) by induction on l{w). If l{w) = then w = 1 
and the result is obvious. Assume now that l{w) > 1. We can find s E S such that 
w > sw. Assume first that sy < y. Then we have also sy < w and, using 2.5(b), 
we deduce sy < sw. By the induction hypothesis, 

ray,sw = ^-^^^'"^"■^(^f) + strictly lower powers 
= ) + strictly lower powers. 

But 

f y,w — f sy,sw ^ud the rcsult follows. Assume next that sy > y. From y < 
sy,y < w we deduce using 2.5(b) that y < sw. By the induction hypothesis, we 
have ry^sw = v^^^'^^~^^y^ + strictly lower powers. Hence 

{vs - v~'^)ry,sw = v^^*)^^^*"')"'^^^) + strictly lower powers 
= v^^'^^^-'^^y^ + strictly lower powers. 

On the other hand, if sy < sw, then by the induction hypothesis, 

rsy,sw = •y^^''"')"'^*^''?/) _|_ strictly lower powers 
^ ^L{w)-L{y)-2L{s) ^ gtrictly lower powcrs 

while if sy ^ sw theiirsy,sw = by (a). Thus, in ry,^^, = rsy,sw + {vs-v~^)ry^sw, the 
term rsy,sw contributes only powers of v which are strictly smaller than L{w) —L{y) 
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hence r^^^ = + strictly lower powers. This proves the first assertion of 

(b). The second assertion of (b) follows from the first using 4.5. 

We prove (c) by induction on l{w). If l{w) = then w — 1 and the result 
is obvious. Assume now that l{w) > 1. We can find s & S such that w > sw. 
Assume first that sy < y. By the induction hypothesis, 



-2i 



as required. Assume next that sy > y. By the induction hypothesis, 
as required. The proposition is proved. 

Proposition 4.8. For x < z in W we have Yl,yx<y<z ^S^iu) — (D.N. Verma). 
Using 4.5 we can rewrite 4.6 (in our case) in the form 

(a) sm{xy)rx,yry,z = 0. 

y 

Here we may restrict the summation to y such that x < y < z. In the rest of the 
proof we shall take L = I. Then 4.7(b) holds and we see that ii x < y < z, then 



'^x,yfy,z 



yKv) K3:)yi{z) strictly lower powers of v. 



Hence (a) states that 

"^yxKyKz sgn(xy)v''^^^~''^^^ + strictly lower powers of v is 0. 
In particular '^y.j;<y<g sgn(a;j/) = 0. The proposition is proved. 

4.9. Now": H ^ H commutes with h i— > h^. Hence 

(a) Ty — l yj — l ^y,W 

for any y,w e W. On the other hand, it is clear that": H ^ H and ^ : H ^ H 
commute. 



5. The elements c, 



w 



5.1. We preserve the setup of 3.1. For any n e Z let 
We have A<o = Z[v-^], H<o C n<o C H. 
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Theorem 5.2. (a) Let w e W. There exists a unique element Cyj e 7i<o such 
that Cyj = Cyj and c^, = T^, mod 7i<o- 

(b) {cyj-jW e 1^} is an A<o-basis ofTl<o and an A-basis ofTi. 

We prove the existence part of (a). We will construct, for any x such that 
X < w, an element Ux G A<o such that 

(c) = 1, 

(d) Ua: e A<0, 

We argue by induction on l{w) — l{x). If l{w) — l{x) — then x — w and we set 
Ux = 1- Assume now that l{w) — l{x) > and that Uz is already defined whenever 
z < w,l{w) — l{z) < l{w) — l{x) so that (c) holds and (d) holds if x is replaced by 
any such z. Then the right hand side of the equality in (d) is defined. We denote 
it by Gx e A. We have 



fx,yUy 



'^x,yfy,zUz 



CLx ~l" O'X — ^ ^ 1"x,yUjy + ^ ^ 

y;x<y<w y;x<y<w 

= fx,yUy + Tx,y{Uy + Ty^zUz) 

y;x<y<w y;x<y<w z;y<z<w 

= ^z,yUy+ fx,zUz+ J2 J2 

z',z<y<w z;x<z<w z;x<z<w y;x<y<z 

= Y '^x,yry,zUz= Y ^x,zUz = 0. 

z;x<z<w y;x<y<z z;x<z<w 

(We have used 4.6 and the equality Vy^y — 1.) Since ttx + ax — 0, we have ax — 
Snez InV^ (finite sum) where 7„ e Z satisfy 7n + 7-n = for all n and in partic- 
ular, 7o = 0. Then Ux = X]n<o7^^'^ ^ -^<o satisfies Ux — Ux = ax- This completes 
the inductive construction of the elements Ux- We set = ^yy^yjUyTy e Ti.<o. 
It is clear that Cyj = T^j mod TC^q. We have 

Cw — %^J/ ~ ^Y^ ^Y/ '^x,yTx — "Y^ ( ^Y^ '^x,yUy)Tx 

y;y<w VW^w x;x<y x;x<w y;x<y<w 

^ ] UxTx Cy]. 

x;x<w 

(We have used the fact that r^^y 7^ implies x < y, see 4.7, and (d).) The existence 
of the element Cw is established. 

To prove uniqueness, it suflBces to verify the following statement: 

(e) If h El 7i<o satisfies h — h then h = 0. 
We can write uniquely h = XlyeVK fy'^y "^here fy G A^o are zero for all but finitely 
many y. Assume that not all fy are 0. Then we can find Iq such that 

Yo := {y eW-fy^ 0,l{y) = /q} ^ and {y eW;fy^ 0,l{y) > k} = 0. 
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Now J2y fyTy = fyTy implies 

E fy^y = E ^Ty "^^^ E -^^2/ 

j/€Yo s/evo yMy)<i{yo) 

hence fy — fy for any y G Yq- Since e v4<o, it follows that fy = for any 
y G I05 a contradiction. We have proved that fy = for all y; (e) is verified and 
(a) is proved. 

The elements constructed in (a) (for various w) are related to the basis 
by a triangular matrix (with respect to <) with 1 on the diagonal. Hence these 
elements satisfy (b). The theorem is proved. 

5.3. For any w & W we set = ^y^wPy,wTy where Py^^ G ^<o- By the proof 
of 5.2 we have 

Py,w — unless y < w, 

Pw,w 1) 

Py,w e ^<o iiy <w. 
Moreover, for any x<wmWwe have 

Px,w = Yly;x<y<w''~x,yPy,w 

Proposition 5.4. (a) Assume that L{s) > for all s E S. If x < w, then 

Px,w = mod t;--^(™)+-^(^)+iZH. 

(b) Without assumption on L, for x < w we have px,w = v^^'^^~^^^'>Z[v'^ ,v~'^]. 

We prove (a) by induction on l{w) —l{x). If l{w) — l{x) = then x = w, p^^w = 1 
and the result is obvious. Assume now that l{w) — l{x) > 0. Using 4.7(b) and the 
induction hypothesis, we see that J2yx<y<w ''^x,yPy,w is equal to 

E sgn(a;)sgn(y)^;-^^S')+^(^)^;-^(^)+^(2') = sgn(a;)sgn(y)i;-^(^)+^(^) 
y;x<y<w y;x<y<w 

plus strictly higher powers of v. Using 4.8, we see that this is —v~^^'^^^^^^^ plus 
strictly higher powers of v. Thus, 

Px,w — Px,w — — strictly higher powers of v. 
Since p^^w ^ it is in particular a Z- linear combination of powers of v strictly 

higher than —L{w) + L{y). Hence 

—Px,w = — strictly higher powers of v. 
This proves (a). 

We prove (b) by induction on l{w) — l{x). If l{w) — l{x) = 0, then x — w, 
Px,w = 1 and the result is obvious. Assume now that l{w) — l{x) > 0. Using 4.7(c) 
and the induction hypothesis, we see that 

E ^-A-e E ^''^"^"^^"^^'^^™^"^^"^z[^2^^-2] = ^^(-)-^(-)z[^2^^-2]. 

y;x<y<w y;x<y<w 

Th\is,pa;,w-Px,w ev^^'"^-^^''^Z[v^,v-^]. Hence ev^^'"^-^^'=^Z[v^,v-^]. The 
proposition is proved. 
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5.5. Let s E S. From ^ = Tg — {vg — v^^) we see that ri^g = "f^s — '^s^- ^^^^ 
se e that 

Ts + =Ts- {vs - v-^) + Vs = Ts+ vj\ 

Ts - Vs = Ts - {Vs - v~^) - V~'^ = Ts - Vg. 
If L{s) = we have T^"^ = Tg. Hence, 
Cs = Tg+v-^ if L(s) >0, 
Cs = Ts- Vs if L{s) < 0, 
Cs = Ts if L{s) = 0. 

5.6. Now h ^ h!' carries 7i<o into itself; moreover, it commutes with": H ^ H 
(as pointed out in 4.9). Hence it carries c^, to c^-i for any w e W. It follows that 

(a) Py-i ^w~^ Py,w 
for any y,w E W. 

6. Left or right multiplication by Cg 

6.1. We preserve the setup of 3.1 and we fix s e 5. Assume first that L{s) = 0. 
In this case we have Cg = Tg; moreover, for any y eW we have TgTy = Tgy. Hence 
ioT w eW we have 



We see that CgCw G ?i<o and CgCw = Tgw mod 7i<o. Since CgCu, = CgCy,, it follows 
that, in this case, CgCu, — Cgw Similarly we have c^Cg — Cws- 

6.2. In the remainder of this section (except in 6.8) we assume that L{s) > 0. 

Proposition 6.3. To any y,w & W such that sy < y < w < sw one can assign 
uniquely an element Hy ,^ & A so that 
(V K,w = f^'lw and 

(^^) '^z;y<z<w;sz<zPy,zl^z,w ~ '^sPy,w ^ ^<0 

for any y.,w &W such that sy < y < w < sw. 

Let y,w be as above. We may assume that nl^^ are already defined for all z 
such that y < z < w; sz < z. Then condition (ii) is of the form: 

fJ'y,w ^Q.uals a known element of A modulo ^<o- 
This condition determines uniquely the coefficients of v'^ with n > in ^. Then 
condition (i) determines uniquely the coefficients of v'^ with n < in //^ The 
proposition is proved. 

Proposition 6.4. Let y,w E W be such that sy < y < w < sw. Then /i^^^ 
is a Z-linear combination of powers f with —L{s) + 1 < n < L{s) — 1 and 
n = L{w) — L{y) — L{s) mod 2. 

We may assume that this is already known for all ^ with z such that y < 
z < w; sz < z. Using 6.3(ii) and 5.4, we see that Hy^^ is a Z-linear combination 
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of powers v'^ such that, whenever n > 0, we have n < L{s) — 1 and n = L{w) — 
L{y) — L{s) mod 2. Using now 6.3(i), we deduce the remaining assertions of the 
proposition. 

Corollary 6.5. Assume that L{s) — 1. Let y,w eW be such that sy < y < w < 
sw. Then fiy ,^ is an integer, equal to the coefficient of inpy^w In particular, 
it is unless L{w) — L{y) is odd. 

In this case, the inequahties of 6.4 become < n < 0. They imply n = 0. Thus, 
l^y,w ^ ^- Picking up the coefficient of v° in the two sides of 6.3(ii), we see that 
liy ,^ is equal to the coefficient of in Py^w The last assertion follows from 5.4. 

Theorem 6.6. Let w eW. 

(a) Ifw < sw, then CgC^ = Csw + J2z;sz<z<w l^t,wC^- 

(b) If sw < w, then CsC^ = {vs + vj^)cw. 

Since Cg — Tg + v^^ (see 5.5), we see that (b) is equivalent to (Tg — Vs)cw — 0, 
or to 

(c) Px,w — '^s Psx,w 

(where sw < w,x < sx). We prove the theorem by induction on l(w). If l{w) = 0, 
then w = 1 and the result is obvious. Assume now that l{w) > 1 and that the 
result holds when w is replaced by w' with l{w') < l{w). 

Case 1. Assume that w < sw. Using Cg = Ts + v~^, we see that the coefficient 
of Ty in the left hand side minus the right hand side of (a) is 



fy = ^ 



sPy,w + Psy,w Py, 



E 



Py,zf^z 



z;y<z<w;sz<z 



where a = 1 if sy < y and a = —1 if sy > y. We must show that fy = 0. We first 
show that 

(d) fy e A<o- 

If sy K y this follows from 6.3(ii). (The contribution of pgy^y, — Py^sw 

is in A<o if 

sy ^ w and is 1 — 1 = if = w.) 

If sy > y then, by (c) (applied to z in the sum, instead of w), we have 

fy ~ '^s Py,w Psy,w ~ Py,sw ~ ^ ] '^s Psy,zl^z,w 

z;y<z<w;sz<z 

~ '^s fsy ~l~ Psy,sw Py,sw 

(the second equality holds by 2.5(a)) and this is in A<^o since fsy G A<^o (by the 
previous paragraph), E A<:o and since y ^ sw. Thus, (d) is proved. 

Since both sides of (a) are fixed by the sum J2y fyTy is fixed by ^ From (d) 
and 5.2(e) we see that fy = for all y, as required. 
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Case 2. Assume that w > sw. Then case 1 is applicable to sw (by the induction 
hypothesis). We see that 

z;sz<z<sw 

Now (Ts — Vs){Ts + v~^) = and (Tg — Vs)cz = for each z in the sum (by the 
induction hypothesis). Hence (Tg — fs)c^ = 0. The theorem is proved. 

Corollary 6.7. Let w eW. 

(a) Ifw < ws, then c^Cg = c^s + T,z;zs<z<w l^l-\w-^^^- 
(h) If ws < w, then CyjCs — {vs + v~^)cyj. 

We write the equalities in 6. 6(a), (b) for instead of w and we apply to these 
equalities hi!' which carries to Cy,-i; the corollary follows. 

6.8. Now 6.3, 6.6, 6.7 remain valid when L(s) < provided that we replace in 
their statements and proofs Vs by —vj^. 

7. Dihedral groups 

7.1. We preserve the setup of 3.1; we assume that S consists of two elements si, S2- 
For z = 1, 2, let Li = L{si), Ti = Ts^,Ci = Cg. . We assume that Li > 0, L2 > 0. Let 
( = yLi-L2 ^ yL2-Li g ^ = ms^,s2- Let 1^,2/- be as in 1.4. Fot w E W 

we set 

Lemma 7.2. We have 

C1T2, = r^^^, + v^^-^-T,^_, if k E [2, m), 

C2ri, =r2,^, +^;-^i+^^r2,_, ifk e [2,m), 

ciT2^ = Ti,^^ ifk = 0,1, 
02^1^ ^T2^+^ if k = 0,1. 

Since = Tj + v~^'^ , the proof is an easy exercise. 
Proposition 7.3. Assume that Li = L2. For any w E W we have c^j — Ty^. 
This is clear when l{w) < 1. In the present case Lemma 7.2 gives 

(c) ri^_^^ = cir2;^ - ri^_^, ra^+i = C2ri^ - r2,^_-, 

for k E [1, m). This shows by induction on k that Ty^ = Ty^ for all w E W. Clearly, 
Ty; = Tyj vood < Q ■ Thc lemma follows. 
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7.4. In 7. 4-7. 6 we assume that L2 > Li. In this case, if m < 00, then m is even. 
(See 3.1.) For 2k + 1 e [1, m) we set 

^kfe+i = ~ ^^■^^ + + ^_iy^2sL^^^^-8L,-aL^ 

se[o,fc-i] 

+ (1 - v'^^' + v^^i + {-lfv^^^^)v-''^'-''^^{T2^ + v-^^TaJ. 

For 2k + 1 E [3, m) we set 

where = l2fc+i- For such that l{w) is even and for = li we set T'^ = Tw. 

Lemma 7.5. We have 

(a) c^T',^^=T[^,^^,ifk'e[0,m); 

(b) c^r;^, = r^^,^^ + cr'^^, ^ + r^^, ^, A:' g [4,m); 
fc; C2r;^, = r^^,^^ + cr'^^, ^,tfk' = 2, 3, /c' < m; 

(d) c2T[^,=T'2^,^^ if k' = 0,1. 
From the definitions we have 

(e) r^,,^, = E.e[o,.](-i)^^^^''^-''^^r2,,_,,^, if 2fc + 1 e [1, m), 

(f) r;^^^^ = Fi,,^, + v^^-^-r,,,^, if 2/. + 1 G [3, m). 

We prove (a) for k' = 2k + 1. The left hand side can be computed using (e) and 
7.2: 

= ci(r2,,^, - ^^^-^^r2,,_, + ^'^^-'^^r2,,_3 + . . . ) 
= ri,,+, + ^^^-"'^Fi,, - ^^^-^^Fi,, - ^'^^-'^^Fi,,_, 
+ ^'^^"'''^Fi,,_, - ^3^-3L.r^^^_^ + . . . = n,,^, = f;^^^^. 

This proves (a) for k' = 2k + 1. Now (a) for /c' = is trivial. We prove (a) for 
k' = 2k > 2. The left hand side can be computed using 7.2 and (f): 

ciF^^^ = C1F2,, = Fi,,^, +^^^-^^ri,,_, = f;^^^^. 

This proves (a) for k' = 2k. We prove (b) for k' = 2k. The left hand side can be 
computed using 7.2: 



C2F;,, =C2Fi,, =F2,,^,+^-^^+^^F2 
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The right hand side of (b) is (using (e)): 

Tw - ^''^"'''r2,,_, + ^'^^-'^^r2,,_3 + . . . 

+ Cr2.._, - ^''^-''^Cr2.,_3 + ^'^^-'^^cr2.._. + • • • 

+ r2,,_3 - ^^^-^^r2,,_, + ^2^-^^^r2,,_, + • • • = r^,,^, + ^-^^+^^r2,,_, . 

This proves (b) for k' ~ 2k. We prove (b) for k' — 2k + 1. The left hand side can 
be computed using (f) and 7.2: 

c^r'i,,^, =c2(ri,,^, + ^^^-^^ri,,_j 

= r2,,+, + v-^^+^^T,^, + ^^-^^r2,, + r2,,_, = r'2,,^, + cr'2,, + r',^,_,. 

This proves (b) for k' = 2k + 1. The proof of (c),(d) is similar to that of (b). This 
completes the proof. 

Proposition 7.6. For any w eW we have c^^, = T'^. 

Clearly, F'^ = mod 7Y<o. From the formulas in 7.5 we see by induction on 
l{w) that f !^ = r:^ for all w. The proposition is proved. (This was proved for 
m = 4 in [L6], for m = 6 in [X], for general m independently in [LI 2] and [GP, 
p.396].) 

Proposition 7.7. Assume that m = oo. For a e {1, 2}, let fa = v^^^^ + v~^^°-\ 

(a) IfLi = L2 and k,k'>0 thenCa^^^.Ca^^,^^ = fa E„e[o,min(2fe,2fe')] ^«2fe+2fc'+i-2. 

(b) //L2 > Li and k,k' >0 then C2,,+,C2^^,^^ = f2 E„e[o,min(fc,fe')] ^22,+2,,+i_4„- 

(c) If L2 > Li and k,k' > 1 then 

ue[0,min(fc-l,fc'-l)] 

where Pu = C for u odd, Pu ^ Z for u even. 

We prove (a). For k — k' = the equality in (a) is clear. Assume now that 
k = 0,k' >1. Using 7.2, 7.3, we have 

C2C2,,,+, = C2(C2C1^^, - C2,,,_ J = /2C2Ci^^, - /2C2,,,_, 

= f2C22k' + l + f^^^2k'-l ~ f^^^2k'-l ~ f'^^^2k' + l^ 

as required. We now prove the equality in (a) for fixed k', by induction on k. The 
case A; = is already known. Assume now that k = 1. From 7.2, 7.3 we have 
C23 = C2C1C2 — C2. Using this and 7.2, 7.3, we have 

C23C2,,,+, = C2CiC2C2,,,^^ " C2C2,,,^^ = /2C2Cl^^,^^ + /2C2Cl^^, - f2C2,,,^, 
= f2C2^y^^ + f2C22k' + i + /2C22fc,+i + (1 - 4',o)/2C22fe/_i " f2C2^y^^ 
= f2C2^y^^ + /2C22fc,+i + /2(1 - 5k',o)c2^y_^, 
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as required. Assume now that k > 2. From 7.2,7.3 we have 

Using this and the induction hypothesis we have 

= /2ClC2 ^ ^'^2k+2k'-l-2u~ '^22fc+2fe/_i_2„ 

ue[0,min(2fc-2,A:')] Me[0,min(2A;-2,fc')] 

•^2 ^ ] ^22fe_|_2fc'_3_2u ■ 

K6[0,min(2fc-4,fe')] 

We now use 7.2,7.3 and (a) follows (for a = 2). The case a = 1 is similar. 

We prove (b). For k — k' = the equality in (b) is clear. Assume now that 
k = 0,k' = 1. Using 7.5, 7.6, we have 

C2C23 = C2(C2C12 - Cc2i) = /2C2CI2 - /2CC21 = /2C23 + /2CC21 - /2CC21 = /2C23, 

as required. Assume next that A; = 0, A;' > 2. Using 7.5, 7.6, we have 

C2C22,, + , = C2{C2C12,, - CC22,,_1 " C22,,_3) = /2C2CI2,, - /2Cc22,,_i " /2C22,,_3 
= f2C22k' + i + /2Cc22te/_i + /2C22fe/_3 " f2Cc22k'-i " /2Cc22fc/_3 = /2C22fc,+i , 

as required. We now prove the equality in (a) for fixed k', by induction on k. The 
case /c = is already known. Assume now that k — 1. From 7.5, 7.6 we have 
C23 = C2C1C2 — Cc2- Using this and 7.5, 7.6, we have 

C23C22fe,+i = C2CiC2C2,,,^, - Cc2C22,, + i = /2C2Ci^^,^^ - /2Cc22fc/+i 
= /2C22fe/+3 + /2Cc22fe, + i + (1 - Sk',o)f2C22k'-i " /2Cc22fc/+i 
= /2C22fe,+3 + (1 - Sk',o)f2C22k'-i 

as required. Assume now that k > 2. From 7.5, 7.6 we have 

C22fc+i = C2CiC22fe_i - Cc22fe_i - C22fe_3- 

Using this and the induction hypothesis we have 

'^22fc + lC22fc/_|_i — C2ClC22fc_iC22j,/_,_j — C(^'22k-l^'^2k' + l ~ ^'^2k-3^'^2k' + l 
= /2C2C1 '^22j,_,_2fe/_i_4„ ~ /2C 5^ '^22fe+2fe'-l-4« 

ue[0,min(fe-l,fc')] [0,min(A;-l,fe')] 

"^2 ^ V ^22;._|_2te/_3_4„ • 

we[0,min(A;-2,fc')] 

We now use 7.5, 7.6 and (b) follows. 

The proof of (c) is similar to that of (b). This completes the proof. 
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Proposition 7.8. Assume that 4 < m < oo and L2 > Li, so that m = 2k + 2 
with k > 1. Let 

Then 

for some p,q & A. Moreover, p = po- 

From 7.5, 7.6, we see that Aco , + Aco is a two-sided ideal of H. Hence 
(a) holds for some (unknown) p,q G A. It remains to compute p. Define an 
algebra homomorphism % : ?i — ^ by x(Ti) = — z;~^^,x(T2) = f^^. Since 
C2^ = (2^1 + v~^^)h for some h E H (see 7.5,7.6) we see that x(c2^) = 0. Hence 
applying x to (a) gives x(c2^_i)^ = Px(c2^_i)- It is thus enough to show that 
x(c2^_i) = Po- We verify this for m = 4: 

x(T2TiT2 + v-^^T2Ti + v-^^TiT2 + v'^^^Ti 

_j_ y—L\—2L2 ^Li— 2L2 _ ^— L1+2L2 D~^^ ^^1—2-^2 

and for m — Q: 

x(r2TiT2TiT2 + v-^^T2TiT2Ti + v-^'T^T2T^T2 + v-^^^TiT2T^ 
+ _ v^^-^^)T2TiT2 + (y-^^-^^^ - v^^-^^^)TiT2 

+ (^;--^i-2^2 - v^^~^^^)T2Ti + (^;-^i-3L2 _ ^Li-SLa^y^ 

_|_ ^y-2Li— 2L2 _ y~2L2 _|_ ^2Li—2L2^rp^ _|_ ^^^-2Li— 3L2 _ 3L2 _j_ ^2Li-3L2^^ 
_ y — 2Li+3L2 _j_ 2^ — 2^1 + ^/2 _j„ ^ — 2Li — -L2 _ — 2L1 + L2 _ 2^ — 2^1—^2 _ ^ — 2-Li— 3L2 _j_ yL 
+ 2v~^^ + V~^^^ + y-'^^^-^^ - v~^^ + i;2ii-i2 _,_ ^-2Li-3L2 _ ^-31-2 _|_ ^2Li-3L2 
_ ^— 2L1+3L2 _j_ ^— 2L1+L2 _j_ yL2 _j_ y—L2 _j_ ^2Li— L2 _j_ ^2Li— 3L2 

Analogous computations can be carried out for any even m. The proposition is 
proved. 

8. Cells 

8.1. We preserve the setup of 3.1. For z E W define Dg e liom._^{H,A) by 

Dz{cw) = ^z,w for all w G W . For w^w' eW we write 

w <— £ w' (or w' — w) if _Dy,(csCu;/) 7^ for some s E S] 

w <— 7^ w' (or — >-7?, w) if Dyj[cwiCs) ^ for some s E S. 
If G we say that <£ (resp. w <7?, w') if there exist = 
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wo,wi, . . . , Wn = w' vnW such that for any i e [0, n — 1] we have Wi <— £ w^+i 
(resp. Wi 7^ tUj+i). 

If w, w' e VF, we say that w <cn w' if there exist w = wo,wi, . . . , Wn = w' in 
W such that for any i G [0, n — 1] we have either wi *—c or Wi <— 7^ Wi+i. 

Clearly <£, <7?,, <£7^ are preorders on W . Let ^7^, ~£7^ be the associated 
equivalence relations. (For example, we have w ~£ w' if and only if w <c w' and 
w' <c w.) The equivalence classes on W for ^Ci^n, ~£7^ are called respectively 
left cells, right cells, two-sided cells of W. They depend on the weight function L. 

If w, w' G VF, we say that w <c w' (resp. w <-n w'; w <cn w') if w <c w' and 
w w' (resp. w <tz w' and w 7^7^ w'; w <£7^ w' and w 7^/:7^ w'). 

For w,w' & W we have <£ w' <^ <ti w'~^ and w <cn w' 44> <cn 
w'-\ 

Hence w carries left cells to right cells, right cells to left cells and two-sided 

cells to two-sided cells. 

Lemma 8.2. Let w' eW . 

(a) n< £ui' — ®ww<c'w'-^(^w CL laft ideal ofH. 

(b) n< ■jiw' — ®w;w<'izw' ■^Cxu is a, right ideal ofTt. 

(c) 'H<cTzw' = ®w;w<cTzw'Acyj is a two-sided ideal ofTi. 

This follows from the definitions since Cs{s G 5") generate Ti. as an ^-algebra. 
8.3. Let F be a left ceU of W. From 8.3(a) we see that for y eY, 

is a quotient of two left ideals of Ti (independent of the choice of y) hence it is 
naturally a left 7i-module; it has an ^-basis consisting of the images of Cy^iw G Y). 
Similarly, if Y' is a right cell of W then, for y' eY' , 

®w;w<-R,y' ■Ac 

w 

is a quotient of two right ideals of Ti (independent of the choice of y') hence 
it is naturally a right 7i-module; it has an ^-basis consisting of the images of 
c^{w G Y'). 

If Y" is a two-sided cell of W then, for y" G Y", 

®w;w<cTzy" •AC'u, / ®w;w<cTzy" ACyj 

is a quotient of two two-sided ideals of Ti (independent of the choice of y") hence 
it is naturally a 7i-bimodule; it has an ^-basis consisting of the images of c^ {w G 
Y"). 

Lemma 8.4. Let s E S. Assume that L(s) > 0. Let = ©m;sw<w«4cu,, = 
(a) {h G Ti; (cg — Vs — v~^)h = 0} = . Hence is a right ideal ofH. 
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(b) {h e H; h{cs -Vs- v'^) = 0} = ^H. Hence is a left ideal ofU. 

We prove the equality in (a). If /i e then (c^ — Vs — v~^)h — by 6.6(b). 
Conversely, by 6.6, we have Cgh e for any h E H. Hence, h E H is such that 
Cgh = {vs + vj^)h, then {vs + vj^)h e Ti,^ so that h e (since H/H^ is a free 
^-module). This proves (a). The proof of (b) is entirely similar. The lemma is 
proved. 

8.5. For w we set C{w) = {s e S; sw < w}, TZ{w) = {s e S;ws < w}. 

Lemma 8.6. Let w, w' G W . Assume that L{s) > for all s G 5". 

(a) Ifw <c w', then n{w') C n{w). If w w' , then n{w') = n{w). 

(b) If w <Ti w' , then C{w') C C{w). If w r^-jz w' , then C{w') = C{w). 

To prove the first assertion of (a), we may assume that Dw{csCw') 7^ for some 
s E S. In this case, let t G TZ{w'). We must prove that t G TZ{w). We have 
Cu,' G ^H. By 8.4, is a left ideal of Ti.. Hence CsC-u)' G ^H. By the definition of 
*7Y, for h E *H we have Dyj{h) = unless wt < w. Hence from Dw{csCw') ^ 
we deduce wt < w, as required. This proves the first assertion of (a). The second 
assertion of (a) follows immediately from the first. The proof of (b) is entirely 
similar to that of (a). The lemma is proved. 

8.7. In the remainder of this section we write <— , — > instead of ^c^^c- We 
describe the left cells of W in the setup of 7.3. From 7.2 and 7.3 we can determine 
all pairs y ^ w such that y <— w 



lo 
2o 
if m ■■ 

lo 



-^2i 

-^li 

cxo, 
-^2i 



l2 
22 



l2 ^ 

2o ^ li ^ 22 — 
if m < oo, m even, 
lo — > 2i ^ I2 — 
2o — li ^ 22 — 



23 
I3 

23 
I3 

23 
I3 



2m— 1 
Im— 1 

Im— 1 
2m— 1 



ii m < 00,171 odd. Hence the left cells are 

{lo},{2i,l2,23,...},{li, 22,13,...}, 
if m = cx), 

{lo}, {2i, I2, 23, . . . ,2^_i}, {li,22, 13, . 
if m < 00, m even, 

{lo}, {2i, I2, 23, . . . , Im-i}, {li, 22, 13, . 
if m < 00, m odd. 

The two-sided cells are {lo}, W — {Iq} if m = 00 and {lo}, {2m}, W — {Iq, 2^} 
if m < 00. 

8.8. We describe the left cells of W in the setup of 7.4. From 7.5 and 7.6 we can 
determine all pairs y ^ w such that y <— w. If m = 00, these pairs are: 



Lm— 1}, {2m}, 

^m— 1}, {2m}, 
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and 2i ^ I4, 2^ ^ I5, 23 ^ Ig, . . . . 
If m = 4, these pairs are: 

lo 2i ^ I2 — 23 — > I4, 2o — > li — > 22 ^ I3 — > 24. 

If m = 6, these pairs are: 

lo — 2i ^ I2 — > 23 ^ I4 — > 25 — > le, 2o — > li — > 22 ^ I3 — > 24 ^ I5 — > 26, 

and 2i I4, 22 <— I5. An analogous pattern holds for any even m. 
Hence the left cells are 

{lo}, {2i, I2, 23, 14, . . . }, {li}, {22, 13, 24, 15, . . . }, 

if m = 00, 

{lo}, {2l, I2, 23, ... , lm-2}, {2m-l}5 {ll}) {22, I35 24, ... , Im-l}, {2m}, 

if m < 00. 

The two-sided cells are 

{lo}, {li}, W - {lo, li}, if m = 00 and 

{lo}, {li}, {2m-i}, {2m}, W - {lo, li, 2m-i, 2m}, if m < oo. 

8.9. For further examples of cells (in the case where L is non-costant) see [L3], 
[B], [G]. 

9. COSETS OF PARABOLIC SUBGROUPS 

We preserve the setup of 3.1. 

Lemma 9.1. Let w G W. Assume that w = siS2---Sq with Si G 5". We can 
find a subsequence ii < 12 < • ■ ■ < ir of 1,2, ... ,r such that w = Si^Si^ • • ■ ^ 
reduced expression in W . 

We argue by induction on g. If g = the result is obvious. Assume that g > 0. 
Using the induction hypothesis we can assume that S2 • • • is a reduced expression. 
If S1S2 ■ ■ - Sq is a reduced expression, we are done. Hence we may assume that 
S1S2 ■ ■ ■ Sq is not a reduced expression. Then l{w) = q — 1. By 1.7, we can find 
j G [2, q\ such that S1S2 ■ ■ ■ Sj-i = S2S^ . . . Sj. Then w = S2S3 . . . . . . Sq is 

a reduced expression. The lemma is proved. 

9.2. Let w G W. Let w = S1S2 ... Sg be a reduced expression of w. Using 1.9, we 
see that the set {s G 5; s = Sj for some i G [1, g]} is independent of the choice of 
reduced expression. We denote it by Syj. 
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9.3. In the remainder of this section we fix 7 C 5. Recall that Wj = (/). 

If w & Wi then we can find a reduced expression w = siS2 . . . Sq in W with all 

Si & I (we first write w = siS2 • • • Sg, a not necessarily reduced expression with 
all Si G /, and then we apply 9.1). Thus, C /. Conversely, it is clear that if 
w' ^ W satisfies 5'^^,/ C / then w' e Wj. It follows that 
Wi^{we W;Sy, C /}. 

9.4. Replacing S, {'ms,s'){s,s')eSxS by I A^s,s')(s,s')eixi in the definition of W 
we obtain a Coxeter group denoted by Wj . We have an obvious homomorphism 
/ : Wj Wi which takes s to s for s e I. 

Proposition 9.5. / : Wj — > Wj is an isomorphism. 

We define /' : Wj Wj as follows: for w G Wj we choose a reduced expression 
w = S1S2 ■ ■ ■ Sq in W; then Si E I for all i (see 9.3) and we set f'{w) = S1S2 ■ ■ - Sq 
(product in Wj). This map is well defined. Indeed, if S1S2 . . . s'^ is another re- 
duced expression for w with all Si e /, then we can pass from (si, S2, . . . , Sq) to 
(s[, s'2, . . . , s'q) by moving along edges of the graph X (see 1.9); but each edge 
involved in this move will necessarily involve only pairs (s, s') in /, hence the 
equation S1S2 . ■ . Sq = s[s2 ■ ■ ■ s'^ must hold in Wj. It is clear that ff'{w) = w for 
all w G Wj. Hence /' is injective. 

We show that /' is a group homomorphism. It suffices to show that f'{sw) = 
f'{s)f'{w) for any w G Wj, s G /. This is clear if l{sw) = l{w) + 1 (in W). Assume 
now that l{sw) = l{w) — 1 (in W). Let w — S1S2 ... Sr be a reduced expression in 
W. Then Si E I for all i. By 1.7 we have (in W) sw = S1S2 ■ ■ ■ Si-iSi+i . . . Sq for 
some i G [1, q]. Since SS1S2 ■ ■ ■ Si-iSi+i ... Sg is a reduced expression for w in W, 
we have f'{w) — ssiS2 ■ ■ .Sj-iSj+i . . .Sq (product in Wj). We also have f'{w) = 
S1S2 ■ ■ - Sq (product in Wj). Hence SS1S2 ■ ■ ■ Sj-iSj+i . . .Sq = S1S2 ■ ■ - Sq (in Wj). 
Hence S1S2 ■ ■ .Sj-iSi+i ...Sq = ssiS2 ...Sq (in Wj). Hence f'(sw) = f'(s)f'{w), 
as required. 

Since the image of /' contains the generators s G / of Wj and /' is a group 
homomorphism, it follows that /' is surjective. Hence /' is bijective. Since //' = 1 
it follows that / is bijective. The proposition is proved. 

9.6. We identify Wj and Wj via /. Thus, Wj is naturally a Coxeter group. Let 
h '■ Wi — > N be the length function of this Coxeter group. Let w G Wj. Let 
w = S1S2 ■ . .Sq be a reduced expression of w (in W). Then Si e I for all i (see 
9.3). Hence li{w) < l{w). The reverse inequality l{w) < li{w) is obvious. Hence 

li{w) = l{w). 

From 2.4 we see that the partial order on Wj defined in the same way as < on 
W is just the restriction of < from W to Wj. 

Lemma 9.7. Let Wia be a coset in W . 

(a) This coset has a unique element w of minimal length, 
(h) IfyeWi then l{yw) = l{y) + l{w). 
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(c) w is characterized by the property that l{sw) > l{w) for all s e 7. 

Let w be an element of minimal length in the coset. Let w — S1S2 ■ ■ - Sq be a 
reduced expression. Let y e Wj and let y — s'is'2. . .s'p be a reduced expression 
in Wj. Then yw = s'is'2 ■ ■ ■ s'pSiS2 . . .Sq. By 9.1 we can drop some of the factors 
in the last product so that we are left with a reduced expression for yw. The 
factors dropped cannot contain any among the last q since otherwise we would 
find an element in Wja of strictly smaller length than w. Thus, we can find a 
subsequence ii < i2 <■■■< ir of 1,2, ... ,p such that yw = s'^_^s'^^ . . . s'^^siS2 . . .Sq 
is a reduced expression. It follows that y = s[s2...Sp = s[^s'^^ . . . s'^^. Since 
p = l{y), wc must have r = p so that S1S2 . . . SpSiS2 . . . Sq is a reduced expression 
and l{yw) = p + q = l{y) + l{w). 

If now w' is another clement of minimal length in VF/o then w' = yw for some 
y e Wj. We have l{w) = l{w') = l{y) + l{w) hence l{y) = hence y = 1 and 
w' = w. This proves (a). Now (b) is already proved. Note that by (b), w has the 
property in (c). Conversely, let w' e Wja be an element such that l{sw') > l{w') 
for all s G /. We have w' = yw for some y G Wj. If y 7^ 1 then for some s E I we 
have l{y) = l{sy) + 1. By (b) we have l{w') — l{y) + l{w), l{sw') — l{sy) + l{w). 
Thus l{w') — l{sw') = l{y) — l{sy) = 1, a contradiction. Thus y — 1 and w' = w. 
The lemma is proved. 

Lemma 9.8. Let Wja be a coset in W. 

(a) IfWi is finite, this coset has a unique element w of maximal length. IfWi 

is infinite, this coset has no element of maximal length. 

(b) Assume that Wj is finite. If y E Wi then l{yw) = l{w) — l{y). 

(c) Assume that Wj is finite. Then w is characterized by the property that 
l{sw) < l{w) for all s G /. 

Assume that w has maximal length in Wja. We show that for any y G Wi we 
have 

(d) liyw) = liw)-l{y). 

Wc argue by induction on l{y). If l{y) = 0, the result is clear. Assume now that 
Ky) = P + 1 > 1- Let y = Si . . . SpSp+i be a reduced expression. By the induction 
hypothesis, l{w) = l{siS2 ■ ■ ■ Spw) + p. Hence we can find a reduced expression of 
w of the form Sp . . . S2Sis'iS2 ■ ■ - s'^. Since Sp^i G /, by our assumption on w we 
have l{sp+iw) = l{w) — 1. Using 1.7, we deduce that either 

(1) Sp+iSp . . . Sj+i = Sp.. . Sj+iSj for some j G [l,p] or 

(2) Sp+iSp . . . S2Sis[s2 . . . s[_^_i = Sp... S2Sis[s2 . . . s[_^_is[ for some i G [1, q]. 

In case (1) it follows that y — si . . . SpSp+i = S1S2 • • • Sj-iSj+i . . . Sp, contradicting 
K?/) — P + 1- Thus, we must be in case (2). We have 

yw = s[s2 . . . s^-is^+i ... 4 and l{yw) <q-l = l{w) -p-l = l{w) - l{y). 

Thus, l{w) > l{yw) + l{y). The reverse inequality is obvious. Hence l{w) = 
l{yw) + l{ii). This completes the induction. 
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Prom (d) we see that l{y) < l{w). Thus I : Wj — > N is bounded above. Hence 
there exists y e Wj of maximal length in Wj. Applying (d) to y, Wj instead of 
w, Wja we see that 

iiy) = i{y'-') + i{y'-'y) = i{y') + iiy'-'y) 

for any y' E Wj. Hence a reduced expression of y' followed by a reduced expression 
of y'~^y gives a reduced expression of y. In particular y' < y. Since the set 
{y' G W; y' < y} is finite, we see that Wj is finite. Conversely, if Wi is finite then 
Wja clearly has some element of maximal length. 

If w' is another element of maximal length in Wja then w' — yw for some 
y e Wj. We have l{w) — l{w') — l{w) — l{y) hence l{y) = hence y = 1 and 
w' = w. This proves (a) and (b). The proof of (c) is entirely similar to that of 
9.7(c). The lemma is proved. 

9.9. Replacing W, L by Wj, L\wi in the definition of H we obtain an ^-algebra Hi 
(naturally a subalgcbra of H); instead of r^^y^p^^y, Cy, /i^ y we obtain for x,y & Wj 
elements r^ y e A,pi^y G A<o,cl e ni,nl\l ^ 

Lemma 9.10. Let z &W be such that z is the element of minimal length ofWiz. 

Let x,y E Wj. We have 

(a) {u' G W;xz < u' < yz} — {u E Wi;x <u< y}z; 

(b) fxz,yz '^x,y' 

(c) Pxz,yz = Px,y> 

(d) 4 = Cy. 

(e) If in addition, s & I and sx < x < y < sy, then sxz < xz < yz < syz and 

l^x,y l^xz,yz' 

We first prove the following statement. 

Assume that zi,Z2 have minimal length in WjZi, W1Z2 respectively, thatui, U2 G 
Wi and that uiZi < U2Z2. Then 

(f) zi < Z2; if in addition, Zi = Z2 then ui < U2. 
Indeed, using 2.4 we see that there exist u^, z'^ such that 

UlZl = u[z[, u[ < U2, z[ < Z2. 

Then u[ G Wj and z[ G WjZi hence z[ = wzi where w G Wj, l{z[) = l{w) + l{zi). 
Hence zi < z'^. Since z'^ ^ Z2, we see that zi < Z2- If we know that zx = Z2. then 
z'y = z\ hence u\ = u'l- Since u'l < U2, it follows that ui < U2 and (f) is proved. 

We prove (a). If u G Wi and x < u < y, then xz < uz < yz by 2.4 and 9.7(b). 
Conversely, assume that u' E W satisfies xz < u' < yz. Then u' = uz\ where 
zi has minimal length in Win' and u G W/. Applying (f) to xz < uzi and to 
uzi < yz we deduce z < zi < z. Hence z = zi. Applying the second part of (f) to 
xz < uz and to uz < yz we deduce x < u < y. This proves (a). 

We prove (b) by induction on l{y)- Assume first that y — 1. Then y — Sx,i- 
Now rxz,z = unless xz < z (see 4.7(a)) in which case x = 1 and rz,z = 1- Thus, 
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(b) holds for y = 1. Assume now that l{y) > 1. We can find s e I such that 
l{sy) = l{y) — 1. We have 

lisyz) = lisy) + l{z) = l{y) - 1 + l{z) = l{yz) - 1. 

\i sx < X then we have (as above) sxz < xz. Using 4.4 and the induction hypoth- 
esis, we have 

' xz,yz — I sxz,syz — ' sx,sy ~ ' x,y 

li sx > X then we have (as above) sxz > xz. Using 4.4 and the induction hypoth- 
esis, we have 

fxz,yz = 'fsxz,syz + {Vg ~ Vg )fxz,syz = fsx,sy + ^^s ~ )'^x,sy ~ '^x,y 

This completes the proof of (b) . 

We prove (c). Using (a), we may assume that x < y (otherwise, both sides are 
zero.) We argue by induction on l{y) — l{x) > 0. If |/ = x, the result is clear (both 
sides are 1). Assume now that l{y) — l{x) > 1. Using 5.3, then (a),(b) and the 
induction hypothesis, we have 

Pxz,yz — ^ ] fxz,u'Pu',yz — ^ ] '^xz,uzPuz,yz 

u';xz<u'<yz uEWi;x<u<y 

~ '^x,uPuz,yz= ''^x,uPu,y Pxz,yz- 

uEWi;x<u<y uEWi;x<u<y 

Using 5.3 for Wj we have pl. y = ^yx<u<y ''^x,uPu,y Comparison with the previous 
equality gives 

Pxz,yz ~ Px,y — Pxz,yz ~ Px,y 

The right hand side of this equality is in ^<o. Since it is fixed by^ it must be 0. 
This proves (c). Now (d) is an immediate consequence of (c) (with z = 1). 
We prove (e). By 6.3(ii), 

Pxz,u'f^u',yz ~ f^sPxz,yz £ «4.<o. 

u';xz<u' <yz;su' <u' 

We rewrite this using (a): 

^ ] Pxz,uzl^uz,yz ~ '^sPxz,yz ^ ^<0- 

uEWi;x<u<y;su<u 

We may assume that for all u in the sum, other than tt = a;, we have fJ'uz,yz — l^u^y 
Using this and (d), we obtain 

S \ ^ I 8 I I A 

f^xz,yz + 2^ Px,uf^u,y ~ '^sPx,y ^ >^<0- 

uEWi;x<u<y;su<u 

By 6.3(ii) for Wj we have 

uE Wi \x<,u<,y\suKu 

It follows that lJ'xz,yz ~ l^x,y ^ '^KO- the other hand, lJixz,yz ~ l^x,y fixed by" 
(see 6.3(ii)) hence it is 0. This proves (e). The lemma is proved. 
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Proposition 9.11. Assume that L{s) > for all s e I. 

(a) Let z & W be such that z is the element of minimal length ofWjz. Ifx,y in 
Wi satisfy x <c y (relative to Wj), then xz yz (inW). If x,y in Wj satisfy 
X ~/; y (relative to Wj), then xz ~/: yz (inW). 

(h) Let z E W be such that z is the element of minimal length of zWi. If x, y in 
Wi satisfy x <-ji y (relative to Wi), then zx <n zy (in W). If x,y in Wi satisfy 
X ~7^ y (relative to Wj), then zx ~7?, zy (in W). 

We prove the first assertion of (a). We may assume that x <— £ y (relative to 
Wi) and x ^ y. Thus, there exists s e I such that sy > y, sx < x and we have 
either x = sy or x < y and fi^ y 7^ 0. If a: = sy, then sxz < xz = syz > yz, hence 
xz yz (in W). Thus, we may assume that x < y and /U* ^ 7^ 0. By 9.10(e) we 
then have lJi%z,yz 7^ ^1 hence xz <— £ yz (in W). The first assertion of (a) is proved. 
The second assertion of (a) foUows from the first, (b) foUows by applying (a) to 
z~^ ,x~^ ,y~^ instead of z,x,y. 

9.12. Assume that z eW is such that Wjz = zWj and z is the element of minimal 
length of Wjz = zWi. Then y 1— > z~^yz is an automorphism of Wj. If s e / then, 
by 9.7, we have l{sz) = l{s) + l{z) = 1 + l{z); by 9.7 applied to Wiz~^ instead of 
Wjz we have l{{z~^sz)z~^) = l{z~^sz) +l{z~^) hence l{z~^s) = l(z~^sz) + l{z~^); 
since l{z~^s) — l{sz) a,nd l{z~^) = / (2;), it follows that I {z~^sz)+ 1 {z~^) — l + l{z), 
hence l{z~^sz) = 1. We see that y 1— > z~^yz maps / onto itself hence it is 
an automorphism of Wj as a Coxeter group. This automorphism preserves the 
function L\wi- Indeed, if y G Wj, then 

l{zyz-') + l{z) = l{{zyz-')z) = l{zy) = l{y-^z-^) = l{y-') + l{z-^) = l{y) + l{z) 

(by 9.7 applied to Wjz and to Wiz~^) hence 

L{zyz-') + L{z) = L{{zyz-^)z) = L{zy) = Liy-^-^) = L{y-^) + L{z-^) 
= Liy) + Liz), 

so that L{zyz~^) = L{z). In particular, this automorphism respects the preorders 
<r5<7^7<r7^ of Wj (defined in terms of L\wi) and the associated equivalence 
relations. 

Proposition 9.13. Assume that L{s) > for all s e /. Let z be as in 9.12. If 
x,y in Wi satisfy x <cn y (relative to Wj), then xz <cn yz (in W). If x,y in 
Wi satisfy x '^CTZ y (relative to Wj), then xz '^cn yz (if^ W). 

We prove the first assertion. We may assume that either x <c y (in Wi) or 
X <n y (in Wi). In the first case, by 9.11(a), we have xz <c yz (in W) hence 
<c'R. yz (in W). In the second case, by 9.12, we have z~^xz <ti z~^yz. 
Applying 9.11(b) to z~^xz, z~^yz instead of x,y we see that xz <ti yz (in W) 
hence xz <cn yz (in W). This proves the first assertion. The second assertion 
follows from the first. 
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10. Inversion 
10.1. We preserve the setup of 3.1. For y,w &W we set 

1y,W ~ ^ ] (~-^) Pzo,ZlPzi,Z2 ■ ■ ■Pzn-l,Zn ^ 

(sum over all sequences y = zq < zi < Z2 < • • • < Zn = w m. W) and 

We have 

qy,yj e A^o if y 7^ w, 
= unless y < w. 

Proposition 10.2. For any y,w eW we have Qy,^ = J2z;y<z<w (ly,zrz,w 

The (triangular) matrices Q' = {q'y^yj), P = ipy,w), R — {fy,w) are related by 

(a) Q'P = PQ' = 1, P = RP, RR = RR=1 

where~over a matrix is the matrix obtained by applying^to each entry. (Although 
the matrices may be infinite, the products are well defined as each entry of a 
product is obtained by finitely many operations.) The last three equations in (a) 
are obtained from 5.3, 4.6; the equations involving Q' follow from the definition. 
From (a) we deduce Q'P = 1 = Q'p = Q'rP. Hence Q'P = Q'rP. Multiplying 
on the right by Q' and using PQ' = 1 we deduce Q' = Q R. Multiplying on the 
right by R gives 

(b) q' = Q'R. 

Let s be the matrix whose w entry is sgn{y)dy^w- We have = 1. Let Q be the 
triangular matrix {qy,w)- Note that Q — sQ's. By 4.5 we have R — sRs. Hence 
by multiplying the two sides of (b) on the left and right by s we obtain Q — QR. 
The proposition is proved. 

10.3. Define an .A-linear map r : H ^ Ahy t{Tw) = 5^,1 for w e W. 

Lemma 10.4. (a) For x,y E W we have TiT^Ty) = 5xy,i- 
(h) For h,h' en we have T{hh') = T{h'h). 

(c) Let x,y,z eW and let M = min(L(a;), L{y), L{z)). We have riT^TyT^) e 

We prove (a) by induction on l{y). If l{y) = 0, the result is clear. Assume 
now that l{y) > 1. If l{xy) — l{x) + l{y) then T^Ty = T^y and the result is clear. 
Hence we may assume that l{xy) ^ l{x) + l{y)- Then l{xy) < l{x) + l{y). Let 
y — S1S2 ... be a reduced expression. We can find i e [1, q] such that 

(d) l{x) +1-1 = l{xSiS2 . ■ ■ Si-i) > l{xSiS2 ■ ■ ■ Si-iSi). 
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We show that 

(e) a;siS2 . . .Sj-iSj+i . . .Sq 7^ 1. 

If (e) does not hold, then x — Sq. . . Sj+iSj-i . . . si, so that 

1{XSIS2 . . . Si-i) ^ l{Sq . . . Si+iSi-i . . . SiSi . . . Si-i) = l{Sq . . . Si+i) ^ q - i, 
1{XSIS2 ■ ■ ■ Si-iSi) = l{Sq . . . Si+iSi-i . . . SiSi . . . Sj) = l{Sq . . . Sj+iSj) = q - i + 1, 

contradicting (d). Thus (e) holds. We have 

= 'TiTxs-i^S2---Si-l8iT8i^i...8q) + s — Vg )t (Tajg j . . . _ ^ Tg^^^ . . .S^ ) . 

By the induction hypothesis and (d) , this equals 

^XSlS2---8i-lSiSi+l...Sq,l + s ~Vg ) ^ajSl S2 • ■ -Si-l • • -Sq ,1 ~ ^Xy,l- 

This completes the proof of (a). To prove (b), we may assume that h = Tx,h' = Ty 
for x,y E W; wc then use (a) and the obvious equality Sxy,i = 3yx,i- 

We prove (c). Using (b) we see that T{T^TyT^) = r^TyT^Tx) = riJ^TxTy). 
Hence it is enough to show that, for any x,y, z we have 

T{TxTyT,)ev''^^'^Z[v-']. 

We argue by induction on l{x). If l{x) = 0, then x = 1 and the result follows from 
(a). Assume now that l{x) > 1. We can find s & S such that xs < x. If sy > y, 
then by the induction hypothesis, 

T{T,TyT,) = TiTxsTsyT,) e v^(^)-^(^)Z[t;-i] C v^(^)Z[t;-i]. 

If sy < y, then by the induction hypothesis, 

T{TxTyTz) = T{T^sTsyTz) + {vs - v~^)T{T^sTyTz) 

The lemma is proved. 

10.5. Let Ti' = Hom^(7i, ^). We regard Ti.' as a left 7Y-module where, for h G 
7i,4) & TC' we have {h(p){hi) — (p{hih) for all hi E H and as a right 7i-module 
where, ior h e H, (j) E H', we have {(j)h){hi) = (j){hhi) for all hi e H. 
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10.6. We sometimes identify Ji' with the set of all formal sums X^a-g^ cixTx with 
e ^; to </) e m corresponds the formal sum Ylixew ^i^x-^)Tx- Since Ti. is 

contained in the set of such formal sums (it is the set of sums such that c^; = 
for all but finitely many x), we see that Ti is naturally a subset of Ti' . Using 
10.4(a) we see that the imbedding 7i <Z 7i' is an imbedding of 7i-bimodules; it is 
an equality if W is finite. 

10.7. Let z eW. RecaU that in 8.1 we have defined Dg G 7Y' by D^icyo) — 5z,w 
for all w. An equivalent definition is 

(a) D,{Ty) = q'^^y 
for all y e W. Indeed, assuming that (a) holds, we have 

y 

Proposition 10.8. Let z E s G S . Assume that L{s) > 0. 

(a) If zs < z, then CsD^ = {vs + v-^)D^ + D^s + ^u;z<u<us l^l-\u-^^^- 
(h) If zs > z, then CgDz = 0. 

For a,b E W we define Sa<b to be 1 if a < 6 and otherwise. Let w e W. If 
ws > w, then by 6.7(a), we have 

{CsDz){c-w) = Dg{CyjCs) = Dg{Cyjs + ^ /i*_i_^_iCa;) 

X 

xs<x<w 

(C) =S;,,^s+ ^^1-\W-^^Z,X- 

X 

xs<x<w 

If ws < w, then by 6.7(b), we have 

(d) {csDg){cyj) = Dg{cyjCs) = {vs + vJ^)Dg{c^^) = {vg + vj^)5g^yj. 

If zs < z,ws > w, then by (c): 

{CsDz){c-u,) = S;is,w+Sz<wlJ'l-i^yj-i = {Vs+VJ^)D;,+Dzs+ ^ f^^- 1 1 D u) (cw) ■ 

u 

z<u<us 

If zs < z,ws < w, then by (d): 

{csDg){c^) = {vs + v~^)6g^^ = {vs+v~^)Dg + Dgs+ //^_i_^_i£)„)(c^). 

u 

z<u<us 

If zs > z,ws > w, then by (c), we have {csDz){cw) = 0. If zs > z,ws < w, then 
by (d), we have {csDg){cyj) — 0. Since [c^) is an ^-basis of 7i, the proposition 
follows. 
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10.9. We show that 

(a) {±c^;w eW} = {hen; T{hh^) e 1 + ^<o; h = h}. 
For any w,w' &W we have 

(b) t{c^cI^,) = Ti^Py^yjPy' ^^iTyTy,-i ) = Py ,wPy' ,w' ^ v ,y' = ^w,w' + ^■ 

y,y' y,y' 



w.w' 



where z^^^^' e ^<o- In particular, r(c^^,c^,) G 1 +^<o- 

Conversely, assume that h E H satisfies T{hh^) G 1 + A^o^h = h. We have 
^^XyjCyj where Xu> E A are for all but finitely many w. We can find 
t G Z such that = b^v* mod A<:t where & Z for all w and b^ ^ for some 
w. Using (b), we have 

T{hh ) = t( ^ ^ Xw^W'CwCyj/) = ^ ^ ^^ujX^o' + -Zu),-tt)') 

This equals modulo ^<2t and also equals 1 modulo ^<o- It follows that 

t — and 6^ = 1. Since 6«; are integers, there exists u E W such that bu — ±1 
and byj = foT w ^ u. Thus a^^, G A<o for all tu. Since h = h we have = 
for all w. It follows that x^ = by, for all w. Thus /i = ic^. This proves (a). 

10.10. The interest of 10.9(a) is that it provides a definition of (up to sign) 
without using the basis of 7i (instead, it uses t -.71 ^ A). The equality 10.9(a) 
could be used to give a definition of (up to sign) in more general situations than 
that considered above, when the basis {T^j) is not defined but r : 7i — ^ is defined 
(it is known that r is defined when W is replaced by certain complex refiection 
groups, see [BM]). This should lead to a definition of cells for complex reflection 
groups. 

11. The longest element for a finite W 

11.1. We preserve the setup of 3.1. Let / C 5" be such that Wj is finite. By 9.8, 
there is a unique element of maximal length of Wi. We denote it by Wq. If wi has 
minimal length in Wja then WqWi has maximal length in Wia. 

11.2. In the remainder of this section we assume that W is finite. Then wq := Wq , 
the unique element of maximal length of W, is well defined. Since 1{wq^) = l{wo), 
we must have Wq^ = wq. By the argument in the proof of 9.8 we have w < wq for 
any w G W. By 9.8 we have 

(a) l{wwo) — l{wo) — l{w) 
for any w G W. Applying this to and using the equalities l{w~^wo) = 
1{wq^w) — l{wow),l{w~^) = l{w), we deduce that 
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(b) l{wow) = l{wo) — l{w). 

We can rewrite (a),(b) as l{wo) = l{w~^) + l{wwo), l{wo) = l{wow) + l{w~^). 
Using this and the definition of L wc deduce that 

L{w~^) + L{wwq) = L{wo) = L{wow) + L{w~^), 
hence L{ww^) = L{wqw). This imphes L{wqwwq) — L{w) for aU w. Replacing L 
by / gives I^wqwwo) = l{w). Thus, the involution w i— > wqwwo of W maps S into 
itself hence is a Coxeter group automorphism preserving the function L. 

Lemma 11.3. Let y,w & W. We have 

(a) y ^ w wqw < woy wwq < ywo; 

(c) Pwwo,ywo — 'l2z;y<z<wPz'Wo,ywo''^z,w- 

We prove (a). To prove that y < w =^ wqw < woy, we may assume that 
l{w) - l{y) = 1, yw-^ e T. Then 

Kywo) - l{wwo) = l{wo) - l{y) - {l{wo) - l{w)) = l{w) - l{y) = 1 

and {wwo){ywo)~^ = wy~^ e T. Hence wqw < woy. The opposite implication 
is proved in the same way. The second equivalence in (a) follows from the last 
sentence in 11.2. 

We prove the first equality in (b) by induction on l{w). If l{w) — then w ~ 1. 
We have r^j = Sy^i. Now rwa,woy is zero unless wq < woy (see 4.7). On the 
other hand we have woy < wq (see 11.2). Hence rwo,woy is zero unless woy — wq, 
that is unless j/ = 1 in which case it is 1. Thus the desired equality holds when 
l{w) = 0. Assume now that l{w) > 1. We can find s E S such that sw < w. Then 
swwq > wwq by (a). 

Assume first that sy < y (hence sywo > ywQ.) By 4.4 and the induction 
hypothesis we have 

'^y,w — fsy,sw — f swwo,sywQ — fwwQ,ywo- 

Assume next that sy > y (hence sywQ < ywQ.) By 4.4 and the induction hypothesis 
we have 

1"y,w — fsy,sw ~l~ ('^s "^s )'^y,sw — fswwo,sywo ~l~ i^s '^s ^1^swwo,ywo 
fswwojSywo (^s ^^wwojSywo ^ wwQ,ywQ- 

This proves the first equality in (b). The second equality in (b) follows from the 
last sentence in 11.2. 

We prove (c). We may assume that y < w. By 5.3 (for wwo^ywo instead of 
y,w) we have pwwo,ywo = Y.z-y<z<w rwwo,zwoPzwo,ywo (we have used (a)). Here we 
substitute ru)wo,zwo = (see (b)) and the result follows. The lemma is proved. 
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Proposition 11.4. For any y,w eW we have Qy^^ = Pwwo,ywo = Pwow,woy 

The second equality follows from the last sentence in 11.2. We prove the first 
equality. We may assume that y < w. We argue by induction on l{w) ~ l{y) > 
0. If l{w) — l{y) = we have y = w and both sides are 1. Assume now that 
l{w) — l{y) > 1. Substracting the identity in 11.3(c) from that in 10.2 and using 
the induction hypothesis, we obtain 

The right hand side is in ^<o; since it is fixed by", it is 0. The proposition is 
proved. 

Proposition 11.5. We identify H = W as in 10.6. If z eW, then D^-i e W 
(see 10.7) becomes an element ofTi. We have Dz-iT~^ = sgn(zwo)cl.^^, ^ as in 
3.5. 

By definition, D^-i e 7i is characterized by 

for all y e W. Here r is as in 10.3. Hence, by 10.4(a), we have D^-i = 
^yq'^-i^y-iTy. Using 11.4, we deduce 

Dz-i = '^sgn{yz)p^^y-i^^^^-iTy. 
y 

Multiplying on the right by gives 

Dz-^T'l = ^sgn{yz)p^^y-i^^^,-iT-ly_, 
y 

since T^^y-iTy = T^^. On the other hand, 

sgii{zwo)cl^^ = ^sgn{zwox)pa;,zwoT~}i = ^sgn{zwoywo)pyyj^^^yjoT~^y_^. 

X y 

We now use the identity Pywo,zwo — Pwoy~^,woz~^- The proposition follows. 

Proposition 11.6. Let z ^ s E S be such that sz < z < u < su. Assume 
that L{s) > 0. Then suwq < uwq < zwq < szwq and /^uwc^wo ~ ~sg^('"'^)A*x,'u- 

Let z eW,s E S he such that sz < z. Using 10.8(a), we see that 

u;z~^ <u~^ <u~^ s 
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hence, using 11.5, we have 

u;z<u<su 

Applying ^ to both sides and using (c^ — {vs + v~^)y — —Cs gives 

u\z<u<su 

Since szwq > zwq, we can apply 6.6(a) and we get 



CsCzwo — (^szwo + l^u',zwo^u' 
u' -jSu' <u' Kzwq 



or equivalently 



u;z<u<su 

Comparison with (a) gives 

u;z<u<su u;z<u<su 

the proposition follows. 

Corollary 11.7. Assume that L{s) > for all s E S. Let y,w E W. 

(a) y <cw ^ wwo <c ywo ^ wqw <c w^y; 

(b) y <nw <^ wwo <n ywo wqw <n wqv; 

(c) y <cn w ^ wwo <cn ywo wqw <cn woy. 

(d) Left multiplication by wq carries left cells to left cells, right cells to right 
cells, two-sided cells to two-sided cells. The same holds for right multiplication by 

Wq. 

We prove the first equivalence in (a). It is enough to show that y <c w =^ 
wwo <c ywQ. We may assume that y w and y ^ w. Then there exists s E S 
such that sw > w, sy < y and Dy{csCw) ^ 0. We have sy-uJo > y^Q-, swwq < wwq. 
From 6.6 we see that either y — ws or y < w and /x^^^ ^ 0. In the first case 
we have wwq = sywo; in the second case we have wwq < ywo and ^i^^cywo 
(see 11.6). In both cases, 6.6 shows that Dy,y,^{csCyw^) ^ 0. Hence wwq <c ywQ. 
Thus, the first equivalence in (a) is established. The second equivalence in (a) 
follows from the last sentence in 11.2. 

Now (b) follows by applying (a) to y~^,w~^ instead of (a); (c) follows from (a) 
and (b); (d) follows from (a),(b),(c). The corollary is proved. 
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12. Examples of elements Dyj 

We preserve the setup of 3.1. 

Proposition 12.1. Assume that L{s) > for all s E S. For any y E W we have 
D\{Ty) = sgn{y)v~^^y\ Equivalently, with the identification in 10.6, we have 

An equivalent statement is that q[ y = sgii{y)v~^^y\ Since q'l y are determined 
by the equations Qi^yPy,w — ^i,w (see 10.2(a)) it is enough to show that 

^sgn{y)v-^^y^Py^^ = 
y 

for all w G W. If w = 1 this is clear. Assume now that w ^ 1. We can find s & S 
such that sw < w. We must prove that 

^ sgVL{y)v~^^y\py^^ - v~^psy,w) = 0. 
y\y<sy 

Each term of the last sum is 0, by 6.6(c). The proposition is proved. 

Corollary 12.2. Assume that W is finite and that L{s) > for all s E S. Then 
^wo — Z^yew ^ 

This follows immediately from 12.1 and 11.5. Alternatively, we can argue as 

follows. We prove that Py,wa = v~^^y'^^^^ for all y, by descending induction on l{y). 
If l{y) is maximal, that is y = t^o, then Py^wo = 1- Assume now that l{y) < l{wo). 
We can find s E S such that l{sy) — l{y) + 1. By the induction hypothesis we have 
Psy,wo = f;--^(*2'^o). By 6.6(c), we have 

Py,wo 

= vj^psy Wo = 1;""'"^*^"'^^*^"'°^ = y-^'^^)-^^'^o)+L{8y) = y-H'>^o)+L{y) = y-L{ywo) _ 
The corollary is proved. 

12.3. From 11.5 we see that -D^-i can be explicitly computed when W is finite 
and Czwa is known. In particular, in the setup of 7.4 with m = 2/c + 2 < oo, we 
can compute explicitly all D^-i using 7.6(a). For example: 

Ds^= (1 _ ^;2i'i + ^4Li j^^_^Y^2sL,^^-sL,-sL^ 

se[o,fc-i] 

+ (1 - ^2^1 + v^"^' -■■■ + (-l)S2'=^^)^-^^i-^^HT^Wi - v-'''T2,,^.)- 
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Using this (for larger and larger m) one can deduce that an analogous formula 
holds in the setup of 7.4 with m = oo: 

D,^ = - v'^^' + v^^' + {^-iyy'^^L,^y-^L,-sL^ 

(a) X (Ti,,^, - ^;-^^T2,,+, - ^"^^Ti,^^, + v-^'^^T2,,^,) e W . 

(We use the identification in 10.6.) 

13. The function a 

13.1. We preserve the setup of 3.1. 

In the remainder of these notes we assume that L{s) > for all s & S. 
For X, y,zmW we define f^^y^^ G A, f'^^y^^ G A, h^^y^z ^ Ahy 

TxTy = fx,y,zTz = fx,y,z^zi 

z£W z€W 

CxCy = ^ ^ hx,y,zC-Z- 

z&W 

We have 

(a) fx,y,z — J2z' Pz,z'fL,y,z' 

(b) fx,y,z — '^u1z,z'fx,y,z'j 

(c) hx,y,z = ^x' ,y' Px' ,xPy' ,yfx' ,y' ,z- 

All sums in (a)-(c) are finite. (a),(c) follow from the definitions; (b) follows from 
(a) using 10.2(a). 

From 8.2, 5.6, we see that 

(d) hx,y,z 7^ =^ z <nx,z <cy, 

(e) hx,y,z = hy-i^x-^,z-^- 

13.2. We say that A?" e N is a bound for W, L if fx,y,z € A<o for all x, y, z in 
W. We say that VF, L is bounded if there exists A e N such that A is a bound for 
VF, L. If is finite then W, L is obviously bounded. More precisely: 

Lemma 13.3. // W is finite, then A = L{wq) is a bound for W, L. 

By 10.4(a) we have fx,y,z = T{TxTyTz-i). By 10.4(c) we have T{TxTyTz-i) e 
v^^'^o)z[v~^]. The lemma is proved. 

13.4. Conjecture. In the general case W,L admits a bound A = max/ L(wq) 
where I runs over the subsets of S such that Wj is finite. 

For W is tame this is proved in [L6, 7.2] assuming that L = I, but the same 
proof remains valid without the assumption L = I. 

We illustrate this in the setup of 7.1 with m = oo. For a,b E {1,2} and 
A; > 0, A;' > 0, we have 
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Ta^Tb^' = Ta^+k' ifb = a + k mod 2, 

Ta^Tb^, = Ta^b^, + E„e[i,min(fc,fc')] -2.+1 '^f b = a + k + 1 mod 2; 

here, for n e Z we set ^„ = — if n is odd and = 'J^^^ — v"-'"^ if n is 
even. We see that, in this case, max(Li, L2) is a bound for W, L. 

Lemma 13.5. Assume that N is a bound for W,L. Then, for any x,y, z in W 

we have 

('^) ^~^fL,y,z e A<o, 

(b) V-^ha;,y,z e A<0- 

(a) foUows from 13.1(b) since q'^ ^, e A<q- (b) foUows from (a) and 13.1(c) since 
Vx',x e «4<o, Vy',v € A<Xj- 

13.6. In the remainder of this section we assume that W, L is bounded and N 
is a bound for W,L. By 13.5(b), for any z & W there exists a unique integer 
a{z) e [0, N] such that 

(a) /ix,y,z e v'''^^^Z[v~^] for all x,y eW, 

(b) hx,y,z ^ t'^^'')~^Z[t)~^] for some x,y eW. 

(We use that /ii,^,^ = 1.) We then have for any x, y, z: 

(c) /i.,,,. = tL,,,.-!^"^") mod ^-(-)-iZ[^-i] 

where 7a;,y,^-i G Z is well defined; moreover, for any z &W there exists x,y such 
that 7x,y,z-i 7^ 0. 

For any x,y,z we have 

(d) /;^,. = lx,y,z-^v-^''^ mod ^-(-)-iZ[z;-i]. 

This is proved (for fixed z) by induction on l{x) + l{y) using (c) and 13.1(c). (Note 
that Px',xPy',y is 1 ii x' = x,y' = y and is in A<o otherwise.) 

Proposition 13.7. (a) a(l) = 0. 

(b)IfzeW- {1}, then aL{z) > minxes L(s) > 0. 

We prove (a). Let x,y E W. Assume first that j/ 7^ 1. We can find s E S such 
that ys < y. Then Cy e *7Y. Since ^TC is a left ideal (see 8.4) we have c^Cy G ^H. 
Since si > 1, from the definition of it then follows that hx,y,i = 0. 

Similarly, if x 7^ 1, then h^^y^i = 0. Since ^1,1,1 = 1, (a) follows. 

In the setup of (b) we can find s E S such that sz < z. By 6.6(b) we have 
hs,z,z = Vs + This shows that a.{z) > L{s) > 0. The proposition is proved. 

Proposition 13.8. Assume that W is finite. 

(a) We have a(wo) = L{wo). 

(b) For any w eW — {wq} we have a(w) < L{wq). 

For any w eW we have by definition a(t(;) < N where A?^ is a bound for W, L; 
by 13.3 we can take N = L{wo), hence a.{w) < L{wq). 

We prove (a). From 6.6(b) we see that TsC^;^ = VsC^q for any s E S. Using this 
and 12.2, we see that 



54 



G. LUSZTIG 



hence 

hwo,wo,wo = E v-'^^'^^^v^'^^y^ e mod ^^(-°)-iZ[^-i]. 

It follows that a(wo) > -^(^^o)- Hence a{wo) = L{wq). This proves (a). 

We prove (b). Let z E W he such that ai{z) = L{wq). We must prove that 
z — wq. By 13.6(d), we can find x, y such that 

= bv^^'^°^ + strictly smaller powers of v 

where b eZ- {0}. For any z' z we have Z^^^^^/ e 'i;^'^™")Z[u~^] (by 13.6 and the 
first sentence in the proof). Since p^^z' = I for z = z' and Pz,z' ^ -4.<o for 2' < z, 
we see that the equality fx,y,z — Tliz' Pz,z' fx y z' (^^^ 13.1(a)) implies that 

fx,y,z = hv^'^'^°^ + strictly smaller powers of v 

with 6 7^ 0. Now fx,y,z = T{TxTyTz-i). Using now 10.4(c) we see that 

min(L(a;), L{y), L{z~'^)) = L{wo). 

It follows that X = y = z~^ = wq- The proposition is proved. 

Proposition 13.9. (a) For any z eW we have a.{z) = a.{z~^). 
(b) For any x,y,z eW we have ^x,y,z = ly-\x-\z-^- 

(a),(b) follow from 13.1(e). 

13.10. We show that, in the setup of 7.1 with m = 00 and L2 > Li, the function 
a : — > N is given as follows: 

(a) a(l) = 0, 

(b) a(li) =Li,a(2i) =L2, 

(c) a(lfe) =a(2fc) = L2 if /c > 2. 

Now (a) is contained in 13.7(a). If S2Z < z then, by the proof of 13.7(b) we have 
a.{z) > L2. By 13.4, L2 is a bound for W, L hence a{z) < L2 so that a{z) — L2. If 
ZS2 < z then the previous argument is applicable to z~^. Using 13.9, we see that 
a{z) = a{z~'^) = L2. 

Assume next that z = l2k+i where A; > 1. By 7.5, 7.6, we have 

hence hi^^22k,z = ''^^^ +v~^^. Thus, a{z) > L2. By 13.4 we have a{z) < L2 hence 
a{z) = L2. 

It remains to consider the case where z = si. Assume first that Li = L2. Then 
a(si) < Li by 13.4 and a(si) > Li by 13.7(b). Hence a{si) — Li. 

Assume next that Li < L2. Then X = si} ^'^-w is a two-sided ideal 

X of (see 8.8). Hence if a; or j/ is in 14^ — {1, si}, then CxCy e X and hx,y,si = 0- 
Using 

^1,1, si = 0, hi^si,si = hs-,,l,si = 1, ^si,si,si = v^"" + v'^"" 

we see that a(si) = Li. Thus, (a),(b),(c) are established. 
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13.11. In this subsection we assume that we are in the setup of 7.1 with 4 < m < 
oo and L2 > Li. By 7.8, we have 

^2^-i,2^-i,2^_i = (-l)(™-2)/2^(™^2-(m-2)Li)/2 ^ gtrictly Smaller powers of v. 

Hence a{2m-i) > {mL2 — (m — 2)Li)/2. 

One can show that the function a : — > N is given as follows: 
a(l)=0, 

a(li) = Li,a(2i) =L2, 

a(l^_i) = L2,a(2^_i) = (mL2 - (m - 2)Li)/2, 
a(2^) = m(Li + L2)/2, 
a(lfc) = a(2fc) = L2 if 1 < A; < m - 1. 
This remains true in the case where Li = L2. 

13.12. Let w e W. Let Z{w) be the set of all y E W such that w = uyu' for 
some u,u' e W with l{w) = l{u) + l{y) + l{u') and y e Wj for some I C S with 
Wi finite. Let a.'{w) = m.8LX.y^z(w) ^{v)- We conjecture that 

(a) aL{w) — a.'{w). 

For u, u' , y as above we have w = uyu' <c yu' <ti y hence w <c'r. y- Hence for 
some y e 'Z{w) we have w <cn V and ai{w) = a(y) (assuming that (a) holds). 
If we assume also that Pll in 14.2 holds, we deduce that w ^ctl U- Hence any 
two-sided cell of W would meet some finite Wj; this would imply that there are 
only finitely many two-sided cells in W . (Compare 18.2.) 

On the other hand, the number of left cells in W can be infinite for some 
non-tame W with L = I (Bedard [Be]) 



14.1. We preserve the setup of 3.1. In this section we assume that W, L is bounded. 
For n e Z define TTn A ^ Z hy T^ni^k&z ^k^^) = ^n- 
For 2; e we define an integer A(2;) > by 



Note that A{z) = A{z-^) and A(l) = 0, < A{z) < L{z) for ^ ^ 1 (see 5.4). Let 



14. Conjectures 



(a) 



Pl,z = n:,v 



^^^^ -\- strictly smaller powers of v, e Z — {0}. 



V = {ze W;ai{z) = A{z)}. 



Clearly, zeV 



z-^ e V. 
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Conjectures 14.2. The following properties hold. 
PI. For any z we have a.{z) < A{z). 

P2. If d eV and x^y eW satisfy '^x,yA 7^ 0, then x = y~^. 

P3. If y E W , there exists a unique d eV such that "^y-^^y^d 7^ 0. 

P4- If z' <cn z then Sl^z') > a(z). Hence, if z' ^cn z, then a(^') = a(^). 

P5. If d eV.y eW, 1y-^,y,d 7^ 0, then 1y-^,y,d = nd = ±1. 

P6. IfdeV, then d'^ = 1. 

P7. For any x,y,z eW we have -f^^y^^ = ly,z,x- 

P8. Let x,y,z e W be such that ^x,y,z 0- Then x ~£ y~^, y ~£ , 
Z ~£ x~^ . 

P9. If z' <c z and Sl^z') = Sl^z) then z' ~/: z. 
PIO. If z' <n z and 3l{z') — Sl^z) then z' z. 
PH. If z' <CTZ z and sl{z') = a.{z) then z' ^cn z. 

P12. Let I G S. If y E Wj, then a(y) computed in terms ofWj is equal to a(y) 

computed in terms of W . 

P13. Any left cell TofW contains a unique element d We have ^x-^,x,d 7^ 

for all X eV. 

PI4. For any z &W we have z ^cn z~^ . 

P15. Let v' he a second indeterminate and let h'^ y^^ e Z[?;', v'"-*^] be obtained 
from hx,y,z by the substitution v 1— > v' . If x,x' ,y,w e W satisfy a.{w) = a(j/), then 

Sy' ^w,x',y'^x,y',y = 5^^/ hx,w,y'hy, j., y. 

In §15-§17 we will verify the conjectures above in a number of cases. 

14.3. We consider the following auxiliary statement. 

P. Let x,y,z,z' & W be such that ^x,y,z-'^ 0? z' <—£ z. Then there exists 
x' &W such that 7ra{z)ihx',y,z') 7^ 0. In particular, b.{z') > b.{z). 

In this section we will show, that, if P1-P3 and P arc assumed to be true, then 
P4-P14 are automatically true. The arguments follow [L6],[L8]. 

14.4. P => P4. Let z', z be as in P4. We can assume that z z' or 
z ^-ji z' . In the first case, from P we get 3l{z') > a(^). (We can find x,y such 
that 7x,y,2-i 7^ 0-) III the second case, from P we get ai{z'~^) > 3i{z~^) hence 
a{z') >a{z). 

14.5. P1,P3 =^ P5. Let x,y eW. Applying r to c^Cy = ^^^w ^3:,y,zCz gives 

'^hx,y,zPl,z = Px',xPy',yT{Tx'Tyf) = Px' ,xPy' ,ySx'y' ,1 = '^Px' ,xPx'-\y 
z x' ,y' x' ,y' x' 



hence 



(a) 




zew 
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We take x = and note that G v^^^^7i[v~^], pi^z G v~^^^^Z[v~^], hence 

The same argument shows that, if z eV, then 

If ^ ^ P then, by PI, we have a.{z) — A{z) < so that hy-i ^y^zPi,z ^ ^<o- We see 
that 

hy-i,y,zPi,z = ly-\y,z-^^z mod A<q. 
zew zeT) 

Comparison with (a) gives X]zgx> 7j/~\y,2~^'^2 ~ Equivalently, 

zeT) 

Using this and P3 we see that, in the setup of P5 we have ^y-^^y^dP'd = 1- Since 
ly-^ ,y,di'^d are integers, we must have jy-i^y^d = — ±1. 

14.6. P2,P3 =^ P6. We can find x,y such that 7^,^^^ ^ 0. By P2, we have 
X — so that Jy-i^y^d 0- This implies "Yy-i^y^d-^ 0- (See 13.9(b)). We have 

e V. By the uniqueness in P3 we have d = d~^. 

14.7. P2,P3,P4,P5 =^ P7. We first prove the following statement. 

(a) Let XjyjZ^Wjd&Vbe such that Jx,y,z 0? lz-^,z,d 0? ^{d) — a{z). 

Then ^x,y,z '^y,z,x- 

Let n = a{d). Prom jx,y,z 7^ we deduce h^^y^z-^ hence z~^ <n x, hence 
n = a{z) = a.{z~^) > a.{x) (see P4). Computing the coefficient of Cd in two ways, 
we obtain 

^ ] hx,y,z'hz' ,z,d — ^ hx^x' ,dhy,z,x' • 
z' x' 

Now hz',z,d 7^ implies d <tz z' hence ai{z') < a.{d) = n (see P4); similarly, 
hx,x',d 7^ implies d <c x' hence a(a;') < a(ci) = n. Thus we have 

^ ^ hx,y,z'hz' ,z,d — ^ ^ hx,x' ,dhy^z,x' ■ 
z';a{z')<n x' ■,a.{x')<n 

By P2 and our assumptions, the left hand side is 

7x,y,27z-i,2,d'*^^"' + strictly smaller powers of v. 
Similarly, the right hand side is 

7a;,a:-i,d7rn(/iy,2,x-i)'^^" + strictly smaller powers of v. 
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Hence 7x,x-\dT^n{hy^^^^-i) = 7x,y,z7z-\z,d 0. Thus, 

7x,x-i,d 7^ 0,^n{hy^z,x-^) ^ 0. 

We see that a{x~^) > n. But we have also a{x) < n hence a(x) = n and 
T^n{hy^^^x-i) = -iy,z,x- Since 7a;,x-i,d 7^ 0, we have (by P5) 7x,x-i,d = lz-\z,d- 
Using this and '^x,x-^,dly,z,x = lx,y,zlz-\z,d we deduce 7^,^,3; = 7a;,y,«, as required. 
Next we prove the following statement. 

(b) Let z E W,d E V be such that 'Jz-^,z,d 0- Then a{z) = a{d). 
We shall assume that (b) holds whenever a{z) > Nq and we shall deduce that it 
also holds when a{z) — Nq. (This will prove (b) by descending induction on a{z) 
since a{z) is bounded above.) Assume that a(^) — Nq. From 7^-1, = ±1 we 
deduce that h^-i^^^^-i ^ hence <c hence a{d~^) > a{z~^) (see P4) and 
a{d) > a{z). Assume that a{d) > a(^), that is, a{d) > Nq. Let d' E V he such 
that Jd-^,d,d' 7^ (see P3). By the induction hypothesis applied to d,d' instead 
of z,d, we have a{d) = a{d'). From 7^-1,;^,^ ^ 0,ld-\d,d' 7^ 0, a{d) = a{d'), 
we deduce (using (a)) that 72,^,^-1 — lz-^,z,d- Hence '^z,d,z-^ 0- 1^ follows 
that hz^d,z 7^ 0, hence z <c d, hence a{z) > a{d) (see P4). This contradicts the 
assumption a{d) > a{z). Hence we must have a{z) = a{d), as required. 

We now prove P7. Assume first that 7a;, y, 2 7^ 0. Let d E T) be such that 
lz-^,z,d 7^ (see P3). By (b) we have a{z) — a{d). Using (a) we then have 
lx,y,z = ly,z,x- Assume next that ^x,y,z = 0; we must show that 7^,3,0: = 0. We 
assume that ^y,z,x 7^ 0. By the first part of the proof, we have 

ly,z,x 7^ > "yy,z,x = lz,x,y 7^ > lz,x,y — lx,y,z 7^ 0, 

a contradiction. 

14.8. P7 =^ P8. If 7x,y,z 7^ 0, then 7^ 0, hence z~^ <c y,z <c . 
By P7 we also have 7^,2, x 7^ (hence <c z, x <c y~^) and ^z,x,y 7^ (hence 

<c X, y <c Thus, we have x ~£ y~^,y ~£ z ~£ x~^. 

14.9. P,P4,P8 P9. We can find a sequence z' = zq^zi^ . . . ^ Zn = z such that 
for any j E [l,n] we have Zj-i <— £ Zj. By P4 we have a{z') = a{zo) > a{zi) > 
■ ■ ■ > a{zn) = Si{z). Since a{z) = a(z'), we have a{z') = a{zQ) = a{zi) = ■ ■ ■ = 
a(zn) = sl{z). Thus, it suffices to show that, if z' z and a{z') = a(z), then 
z' ~£ z. Let x,y E W he such that ^x,y,z-^ 0- By P, there exists x' E W 
such that 7ra(2)(/ix',y,2') 7^ 0. Since a{z') = a{z), we have Jx',y,z'-^ 7^ 0- Prom 
lx,y,z-'^ 7^ 0,lx',y,z'-'^ 7^ wc dcducc, using P8, that y z,y ~£ z', hence 
z ~£ z'. 

14.10. P9 =^ PIO. We apply P9 to z-^,z'-^. 

14.11. P4,P9,P10 =^ Pll. We can find a sequence z' = 2:0, 2:1, . . . , = z 
such that for any j E we have Zj-i <c Zj or Zj-i <-ji zj. By P4, we 
have a{z') — a{zo) > sl{zi) > ■ ■ ■ > a{zn) = a{z). Since a(^) = a{z'), we have 
a{z') = a{zQ) — a{zi) = ■ ■ ■ — a{zn) = ^{z). Applying P9 or PIO to Zj-i,Zj we 
obtain Zj-i ~/; Zj or zj-i r^-ji Zj. Hence z' ^cn z. 
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14.12. P3,P4,P8 for W and Wj =^ P12. We write ai : Wj ^ N for the 
a-function defined in terms of Wj. For x,y, z E Wi, we write hl. y^^, li^y^z 
analogues of hx,y,z, lx,y,z when W is replaced by Wi. Let 7Y/ C 7i be as in 9.9. 

Let (i G P be such that 7y-i^y^d 7^ 0. (See P3.) Then 7ra(d)(/iy-i,y,d-i) 7^ 0- Now 
Cy-iCy G Hi hence d G Wi and T^a{d){hy_i y d-^) ^- Thus, ai{d~^) > a{d~^). 
The reverse inequality is obvious hence ai{d) — a{d). We see that Jy-i y a ^ ^■ 
From P8 we see that y ~£ d (relative to Wj) and y d (relative to W). From 
P4 we deduce that ai{y) = ai{d) and a{y) = a((i). It follows that a{y) = ai{y). 

14.13. P,P2,P3,P4,P6,P8 =^ Pi5. If x G F then, by P3, there exists deV 
such that ^x-^,x,d 7^ 0. By P8 we have x ~£ d~^ hence d"-^ G F. By P6, we 
have d = d~^ hence (i G F. It remains to prove the uniqueness of d. Let d\ d" be 
elements of PflF. We must prove that d' = d" . We can find x' , y', x'\ y" such that 
lx',y',d' 7^ 0, 7x",y",d" ^ 0. By P2, we have x' = y'~^,x" = y"~^. By P8, we have 
y' ~£ d'~^ = and 2/" ~£ = d", hence G F. By the definition of left 
cells, we can find a sequence y' = xq, xi, . . . ,Xn = y" such that for any j G [1, n] 
we have Xj-i Xj. Since y' ~£ y" , we have Xj G F for all j. For j G [l,n — 1] 
let (i,- G X> be such that 7-1 j 7^ 0. Let do = d' dn = d" . As in the beginning 

J 'X- ,Xj,aj ^ ^ 

of the proof, we have dj G F for each j. Let j G [l,n]. Since Xj, we 

have (by PS) d - x~^ 7^ ^- ^PPlyi^^g ^ to Xj, dj,Xj, xj^i instead of x, y, z, z' , we 
see that there exists u such that T^a.{xj){^u,dj,xj_^ 7^ 0. Since Xj-\ ~ Xj, we have 
a{xj-x) = a{xj) (see P4), hence 7ra(^^.) (/i„,d^.,^^_ J = 7„,d^.,x-_\ 7^ 0- Using PS, we 
deduce 7^-1 , , 7^ 0. Using P2 we see that u — and 7^-1 ^ ^ 7^ 0. We 
have also 7^-1 ^ . 7^ and by the uniqueness in P3, it follows that dj-i — dj . 
It follows that d' = d" , as required. 

14.14. P6,P13 =^ PI4. By P13, we can find d G P such that z r^c d. Since 
d = d~^ (see P6), it follows that z~^ d. Thus, z ^cn z~'^. 

14.15. In this subsection we reformulate conjecture P15, assuming that P4,P9, 
PIO hold. Let A = Z[v,v~^ ,v\v'~^] where v^v' are indeterminates. Let H be 
the free ^-module with basis eyj{w G W). Let H' ,c'^,h'^y^ be obtained from 
Ti., Cw, hx,y,z by changing the variable v to v' . 

On Ti we have a left 7i-module structure given by v^CyCyj = v'^hy^^^x^-x and 
a right Ti'-module structure given by eyj{v'^Cy) = J2x'^'"^^w,y,x^x- These module 
structures do not commute in general. For each a > let ?i>a be the ^-sub module 
of H spanned by {e^v;a{w) > a}. By P4, this is a left 7i-submodule and a right 
Ti'-submodule of H. We have 

• • • Ti.>2 C 'H>i C 7Y>o = Ti. 

and grli — (Ba>o'H>a/'H>a+i inherits a left 7i-module structure and a right 7i'- 
module structure from H. Clearly, P15 is equivalent to the condition that these 
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module structures on grU. commute. To check this last condition, it is enough to 
check that 

the actions of Cg, c^, commute on grli. for s, s' G S. 
Let e 5, ti) G W. A computation using 6.6, 6.7, 8.2 shows that (cseyj)c'g, — 
Csi'^wc's') is if < w or ws' < w, while if sw > w, ws' > w, it is 

y;sy<y,ys'<y y;sy<y,ys'<y 

where 

— ^w,s',y'hs,y',y — ^s,w,y'hyi gi y 

y';y's'<y'<ay' y';sy'<y'<y's' 

If y satisfies sy < y, ys' < y and either h'^ g, y or hs,w,y is 7^ 0, then a{y) > a{w). 
(We certainly have a{y) > a{w) by P4. If we had a{y) = a{w) and hs,w,y 7^ then 
by P9 we would have y ~£ w hence 7^(|/) = 7^(t(;) contradicting ys' < y, ws' > w. 
If we had a{y) = a{w) and h'^^^^y ^ then by PIO we would have y w hence 
= CiyS)^ contradicting sy < y,sw > w.) Hence, if sw > w, ws' > w, we have 

{cseyj)c'g, - Csie^c'g,) = ^ ayCy mod 7i:>a(u,)+i. 

y;sy<y,ys'<y,a{y)=a{w) 

We see that P15 is equivalent to the following statement. 

(a) If y,w e W, s,s' & S are such that sw > w, ws' > w,sy < y, ys' < y, a{y) = 
a{w), then 

"^y'-y's'Ky'Ksy' ^w,s' ,y'^s,y' ,y = Y2y'-ay' <y' <y' s' ^s,w,y'hy/ g, y 

15. Example: the split case 

15.1. We preserve the setup of 3.1. We assume that W, L is bounded, L = I and 
that 

(a) ^x,y,2 £ for all x, y, z in W, 

(b) Py,w ^ N[t;~^] for all y,w in W. 

Using an interpretation of py^ in terms of intersection cohomology, as in 27.13, 
one can show that (a),(b) hold automatically in the split case if W is integral. 

Under the assumptions (a),(b) we will show that P and P1-P3 hold for W,l 
hence all of P1-P14 hold for /; we will also show that P15 holds. 

A reference for this section is [L8]. 

15.2. Proof of PI. The weaker inequality a{z) < l{z) for z G W was first proved 
in [L6] for finite W and then for general W by Springer (unpublished) . The present 
argument was inspired by Springer's argument. 

From 14.5(a) we see that for x,y &W we have 

(a) 'E^ewh^,y,^Ph^ ^ Zf-y-^]. 
Prom 15. 1(a), (b) we see that hx,y,zPi,z ^ N[f,f~^] for any z G W. Hence in (a) 
there are no cancellations, so that 
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(b) K,y,zPi,z e N[^;-i] for any zeW. 

We now fix 2; e and choose x^y & W so that 7a;,y,«-i 7^ 0. From the definitions, 

(c) hx,y,zPi,z £ lx,y,z-^''T'zfJ^^^^~'^^^^ + strictly smaller powers of v 

and the coefficient of is ^ 0. Comparison with (b) gives a.{z) — A{z) < 0. 

15.3. Proof of P2. Assume that x ^ y~^. From 14.5(a) we see that 

(a) J2zewh^,y,^Phz e v-^Z[v-^]. 

As in 15.2, this implies (using 15. 1(a), (b)) that 

(b) hx,y,zPi,z e f "-^Nf-y"^] for any z eW. 

Assume now that z = e T>. Then 15.2(c) becomes in our case 

hx,y,zPl,z e lx,y,z-'^nz + V~'^Z[v~'^]. 

Comparison with (b) gives ^x,y,z-'^'>T'z = 0. Since ^ 0, we have ^x,y,z-^ = 0- 
This proves P2. 

15.4. Proof of PS. From 14.5(a) we see that 

(a) Y.z&why-\y,zPi,z e l + v-^Z[v-\ 

As in 15.2, this implies (using 15. 1(a), (b)) that there is a unique 2;, say z = 
such that 

(b) e l + w-^N[w-i] 

and that 

(C) hy-l^y^^Pl,Z e V-1N[V-1] 

for all z ^ d~^. For z = d~^, 15.2(c) becomes 

hy-i,y,d-^Pi,d-^ £ ly-'^ ,y,df^d-^'^^^^^~^^^^ + strictly smaller powers of v. 

Here a((i) — A((i) < 0. Comparison with (b) gives a.{d) — A((i) = and 

ly-^,y,d'^d-^ = 1. Thus, d & V and ^y-i^y^d 0- Thus, the existence part of 
P3 is established. 

Assume that there exists d' ^ d such that d' & V and ^y-i^y^d' 0- For 
z — d'~^, 15.2(c) becomes 

hy-\y,d'-^Pl,d'-^ ^ ly-\y,d''^d'-^ + V~'^Z[v~'^]. 

Comparison with (c) (with z — d'~^) gives 7y-i,y,d'?T'd'-i = hence 7^-1, = 0, 
a contradiction. This proves the uniqueness part of P3. 

15.5. Proof of P. We may assume that z' ^ z. Then we can find s e 5 such that 
sz' < z',sz > z and hs,z,z' 7^ 0. Since hx,y,z 7^ 0, we have (by 13.1(d)) z <n x 
hence C{x) C C{z) (by 8.6). Since s ^ >C(2;), we have s ^ £(0;), that is, sx > x. 
We have CsCxCy = Y^^PuCu, where 

Pu — ^ ] hx^y^whs,w,u — ^ ] hg^x,x'hx' ,y,u- 

W x' 
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In particular, 

Pz' — ^ ^ hx,y,whs,w,z' — hx^y^z^SjZjZ' ~l" ^ ^ hx,y,whs,w,z' • 
w w;w^z 

By 6.5, we have hs,z,z' G Z hence 

(a) TTniPz') = T^n{hx,y,z)hs,z,z' + ^ 7rn(/la; ,y,whs,w,z') 

WjW^Z 

for any n G Z. In particular, this holds for n = dL^z). By assumption, we have 
T^n{hx,y,z) 7^ and hs,z,z' 7^ 0; hence, by 15.1(a), we have 'Kn{K,y,z) > and 
hs,z,z' > 0. Again, by 15.1(a) we have 7rn{hx,y,whs,w,z') > for any w ^ z. Hence 
from (a) we deduce 7Tn{pz') > 0. Since pz' = Xlx' ^s>a;.2:'^x',y,2', there exists x' 
such that nn{hs,x,x'hx',y,z') 7^ 0. Since sx > x, we see from 6.5 that hs,x,x' G Z 
hence 

'^n{hs^x,x'hx' ,y,z'^ hs^XjX'T^nihx' ,y,z'^ • 

Thus we have T^nijix' ,y,z') 7^ 0. This proves P in our case. 

15.6. Since P and P1-P3 are known, we see that Pl-Pll and P13,P14 hold in 
our case (see §14). The same arguments can be applied to Wi where I G S, hence 
Pl-Pll and P13,P14 hold for Wj. By 14.12, P12 holds for W. Thus, P1-P14 hold 
for W. 

15.7. Proof of P15. By 14.15, we see that it is enough to prove 14.15(a). Let 
y,w,s,s' be as in 14.15(a). In our case, by 6.5, the equation in 14.15(a) involves 
only integers, hence it is enough to prove it after specializing v = v' . If in 14.15 
we specialize v = v' , then the left and right module structures in 14.15 clearly 
commute, since the left and right regular representations of Ti commute. Hence 
the coefficient of Cy in ((cg6u))cg' — Cg (e^yCg' ))^=^' is 0. By the computation in 
14.15, this coefficient is 

(a) 

{hw,s',y—hs,w,y){v + V ) + hw,s' ,y' hs,y' ,y — hs,w,y'hy' ,y = 0- 

y' v' 

y's'<y'<sy' sy' <y' <y' s' 

By 6.5, hs,w,y is the coefficient of in py^^^ and hw,s',y = ^s',u;-i,j/-i is the 
coefficient of in Py-^^w-'^ — Py,w- Thus, hs,w,y = hw,s',y and (a) reduces to the 
equation in 14.15(a) (specialized at v = v'). This proves 14.15(a). 

16. Example: the quasisplit case 

16.1. Let G, F be as in 0.2. Let {W , S) be the Weyl group of G and \etu:W -^W 
be the automorphism of W induced by F; this restricts to a permutation of 5". 
Let W"^ — {w E W\u{w) — w}. For any u-orbit o on 5', we set Sq — Wq G W"^. 
The elements Sq for various o as above form a subset Su of W'^. 
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Lemma 16.2. {W"^, Sy,) is a Coxeter group and the restriction to W'^ of the length 
function I : W — >'N is a weight function L : — > N. 

We omit the proof. 

16.3. In this section we assume that {W, S) is the Coxeter group {W'^, S^) and 
that L : — > N is as in 16.2. We then say that we are in the quasisplit case. 

We denote hx,y,ziPx,y, lx,y,zi ^ defined in terms of W , I by 

hx,y,z, Px,y, ^(^)) lx,y,z^ ^(^); ^• 

One can show using the geometric interpretation in 27.13 that (a),(b) below hold. 

(a) For any x,y,z E W and any integer n there exists a Q-vector space V^^y^^ 
such that hx,y,z = J2n ^x,y,z^'^ j fof o,ny x,y E W and any integer n < there 
exists a Q-vector space V^y such that p^^y = X]n<o ^x^'y'^'^- 

(In other words, (VF, /) satisfies the requirements of 15.1.) 

(b) For any x,y,z e W and any integer n, V^^y^^ carries a linear transfor- 
mation u of finite order and hx,y,z = ^^(^' /'^'^ ^''^V x,y & W and 
any integer n < 0, carries a linear transformation u of finite order and 

We deduce that (c)-(f) below hold: 

(c) Ifx,y,zeW,neZ and 'Kn{hx,y,z) ^ then T<:n{hx,y,z) 7^ 0. 

(d) Ux,y eW,neZ and 'Kn{Px,y) 7^ then 'Kn{Px,y) 7^ 0. 

(e) Ifx,y,zeW,neZ and 'K„(hx,y,z) = ±1 then 'Kn{hx,y,z) = ±1- 

(f) If x,y eW,n eZ and '7Tn{Px,y) = ±1 then 'Kn{Px,y) = ±1- 

16.4. By our assumptions, the results of §15 are applicable to W, I. Under the 
assumptions above, we will show that P1-P14 hold for W, L. 

Lemma 16.5. For z eW we have ai{z) = a.{z) and ^{z) < A{z). 

We can find x,y E W such that na{z){hx,y,z) 0- By 16.3(c) we have 
'^a{z){hx,y,z) 0- Hence a.{z) < a.{z). By P3,P5 for W, there is a unique d e V 
such that ^z-'^,z,d = =1=1. The uniqueness of d implies that d is fixed by u. Thus 

d G W. By P7 for wc have ^z,d,z-'^ — il- Hence T^a{z)(hz,d,z) = ±1- By 
16.3(e), we have 'T^k{z){hz,d,z) = ±1- Hence §.(2) < a{z) so that 3.(2) = a(2). 

By definition, we have 'n'-A(z){Pi,z) 7^ 0. Using 16.3(d), we deduce that 
7''-A(a) (Pi,z) 7^ 0. Hence —A{z) < —A{z). The lemma is proved. 

Lemma 16.6. V = VnW. 

Let d G V. We have a{d)^= A{d). Using 16.5, we deduce a{d) = A{d). By 
PI for W, we have a((i) < A{d). Hence A{d) < A{d). Using 16.5, we deduce 
A{d) = A{d) so that A{d.) = a((i) and deV. 

Conversely, let d E V H W. We have a((i) = A{d). Using 16.5 we deduce 
a.{d) = A{d). By P5 for W, we have 7T-A(d)(P^,d) = ^l- Using 16.3(f) we deduce 
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^-A(d)(Pi,d) = ±1- Hence -A{d) < -A{d). Using 16.5 we deduce A{d) = A{d) 
so that A{d) = a.{d) and d eV. The lemma is proved. 

Lemma 16.7. (a) Let x,y,zEW be such that '^x,y,z 7^ 0. Then jx,y,z 7^ 0. 
(b) Let x,y, z & W be such that ^x,y,z = il- Then ^x,y,z = il- 

In the setup of (a) we have TVa{z-^){h^^y^z-^) 0- Using 16.5 we deduce that 
'^a{z-^){hx^y^z-^) 0- Using 16.3(c), we deduce that 7ia{z-^){hx,y,z-'^) 0- Hence 
%,y,z 7^ 0. 

In the setup of (b) we have 7rsL{z-^){hx,y,z-'^) = il- Using 16.5, we deduce 
7''a(2-i)(^a;,j/,2-i) = il- Using 16.3(e), we deduce 7rsL{z-^)ihx,y,z-'^) = il- Hence 

lx,y,z = ±1. 

16.8. Proof of PI. By 16.5 and PI for W, we have a(^) = a(z) < A(^) < A(^), 
hence a.{z) < A{z). 

16.9. Proof of P2. In the setup of P2, we have (by 16.7) %,y,d ^ and d E T> 
(see 16.6). Using P2 for W, we deduce x = y~^. 

16.10. Proof of P3. Let y eW. By P3 for W, there is a unique d E T> such that 
%-'^,y,d 0- By the uniqueness of d, we have u{d) = d hence d e W. Using P5 for 

we see that ^y-i^y,d = il- Using 16.7, we deduce Jy-i^y^d = =tl- Since d E T> 
by 16.6, the existence part of P3 is established. Assume now that d' satisfies 
ly-^,y,d' 7^ 0- Using 16.7, we deduce Jy-i^y^d' 0- Since d' E V hy 16.6, we can 
use the uniqueness in P3 for W to deduce that d = d' . Thus P3 holds for W. 

16.11. Proof of P4- We may assume that there exists s E S such that hs^z,z' 7^ 
or hz,s,z' 7^ 0. In the first case, using 16.3(c), we deduce hs,z,z' 7^ 0. Hence z' <c z 
(in W) and using P4 for I^, we deduce that a(z') > a(2). Using now 16.5, we see 
that ai{z') > ai{z). The proof in the second case is entirely similar. 

16.12. Now P5 is proved as in 14.5; P6 is proved as in 14.6; P7 is proved as in 
14.7; P8 is proved as in 14.8; P12 is proved as in 14.12. 

16.13. Proof of PIS. If z' £ z in VF, then there exists s E S such that hs,z,z' 7^ 
hence, by 16.3(c), hs,z,z' 7^ 0, hence z' <c z in W. It follows that 

(a) z' <c z (in W) implies z' <c z (in W). 
Hence 

(b) z' ~/: z (in W) implies z' ~/: z (in W). 

Thus any left cell of W is contained in a left cell of W . 

In the setup of P13, let f be the left cell of W containing V. Let a; e F. By P3 
for VF, there exists d E T> such that ^x-^,x,d 0- By PS for W, we have x ~£ d~^ 
hence d~^ E T. Using P6 we have d = d~^, hence d eT. It remains to prove the 
uniqueness of d. Let d',d" be elements of I? fl F. We must prove that d' = d" . 
Now d' , d" belong to F and, by 16.6, are in V. Using P13 for it follows that 
d' = d". Thus P13 holds for W. 
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Lemma 16.14. Let x,y ^ W. We have x ~£ y (inW) if and only if x ~£ y (in 
W). 

lix^cy (in W) then x^cV (in W), by 16.13(b). 

Assume now that x ~£ y (in W). Let d,d' e T> be such that x ~£ d (in W) 
and y ~/: c?' (in W); see P13. By the first hne of the proof we have x ~£ d (in 
W) and y ~/: (i' (in VF). Hence d d' (in VF). Since d, d' G "D, we deduce (using 
PIS for W) that d = d' . It foUows that x U (in W). The lemma is proved. 

16.15. Proof of P9. We assume that z' <c z (in W) and a(2') = a(2). By 
16.13(a), it follows that z' <c z (in W) and, using 16.5, that 3.(2') = a(2). Using 
now P9 in W ^ it follows that z' ~£ z (in VF). Using 16.14, we deduce that z' ~£ z 
(in W). 

16.16. Now PIO is proved as in 14.10; Pll is proved as in 14.11; P14 is proved 
as in 14.14. 

16.17. We sketch a proof of P15 in our case. 

A refinement of the proof of P15 given in 14.15,15.7 provides, for any tu, y, x, x' 
in W and any A;, an isomorphism of vector spaces 

®j+j'=k ®y'eW ^w,x',y' ® ^x,y',y ^ ®j+j'=k ®y>eW ^x,w,y' ® ^y',x',y 

which (assuming that a.{w) = a(j/)) restricts to an isomorphism 

®y'eW^w,x',y' ® ^x,y',y ^ ®y'eW^x,w,y' ® ^y' ,x' ,y 

for any j, j' such that j + j' — k. 

Assuming now that w, y, x, x' e W ^ we can take traces of u in both sides; we 
deduce 

^j'{hw,x',y')'^j{hx,y',y) = ^ TTj{hx,w,y')T^j'{hy',x',y) 
y'eW y'eW 

(the summands corresponding to y' & W — W do not contribute to the trace) or 
equivalently 

^w,x',y'^x,y',y — ^x,w,y' hy> y, 

y'ew y'ew 

as required. 

16.18. Everything in 16.1-16.17 extends to the case where G,F is replaced by 
G,F as in 0.6. 

17. Example: the infinite dihedral case 

17.1. In this section we preserve the setup of 7.1. We assume that m = 00 and 
that L2 > Li. We will show that P1-P15 hold in this case. 

Let C = tJ-^^-i-i _|_^Li-L2_ Q g {1,2}, let fa = v^'' +v~^''. For m, n G Z 
we define dm<n to be 1 if m < n and to be otherwise. 
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17.2. From 7.5, 7.6 we have for all k' e N: 

C1C2,, = ci^,^„ 



Proposition 17.3. For A; > 0, A;' > 1 we have 

(a) C22k+iC2k, = f2 J2ue[0,k]-M<k'-1 ^^2k+k'-iu' 



Assume that = 0. Using 17.2 we have C2C2^, = f2C2^,- 

Assume now that k = 1. Using 17.2, we have C23 = C2C1C2 — (02- Using this 
and 17.2, we have 

C23C2^, = C2CiC2C2^, - (^202,^, = /2C2Ci^,^^ - /2Cc2fc, 

= /2C2fc,_^2 + /2Cc2fc/ + (^fe'>2/2C2fc,_2 " /2Cc2fc, = /2C2fc,_^2 + ^k'>2f2C2i^,_^, 

as required. We prove the equality in (a) for fixed k' , by induction on k. The 
cases A; = 0, 1 are already known. If A; = 2 then using 17.2, we have C2^ = 
C2C1C23 — Cc23 — C2i. Using this, 17.2, and the induction hypothesis, we have 

C25C2^^, = C2CiC2,^C2^, - C,C2,,C2^, - C2^C2^, 

= f2C2ClC2^,^^ + 6k'>2f2C2ClC2y_^ - Cf2C2y^^ " ^k' >2C, f2C2y - f2C2y 

= /2C2Cl^,^3 + 4'>2/2C2Cl^,_^ - Cf2C2^,^^ - ^k' >2C f2C2y " /2C2j^, 

= /2C2fe,+4 + /2CC2fe,+2 + /2C2j^, + ^k'>2f2C2^, + ^k'>2f2CC2^,_^ + 4'>4/2C2j^,_4 

- C/2C2fe,+2 ~ ^k'>2Cf2C2^,_2 " /2C2j^, = f2C2^,_^_^ + 5k>>2f2C2y + 5fc'>4/2C2^,,_4 , 

as required. A similar argument applies for > 3. This proves (a). 

(b) is obtained by multiplying both sides of (a) by ci on the left. The proposition 
is proved. 

Proposition 17.4. For k > 0, k' > 1, we have 

u6[0,2fc + 2] P''^^'^k' +2k + l-2u ' 

u6[0,2A;+2] ^''"'^lfc'+2fe+2-2« ' 



(g) CliClk' = /iClfc,; 

where 

PO = 1? P2k+2 = ^k'>2k+3, 

Pu = Sk'>uC /or w = 1, 3, 5, 2A; + 1, 

Pu = Sk'>u-i + Sk'>u+i /or u = 2, 4, 6, . . . , 2A;. 

We prove (a). For A; = the equality in (a) is C2C1., = C2, , , , + Sk'>iCc2^, , + 
<^A:'>3C2j,,_3 which is contained in 17.2. Assume now that A; = 1. Using C23 = 



(e) C22fe+2Ci,, 

(f) ci^k+sCie 



(c) Ci-iC22fc+i 
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C2C1C2 — Cc2 and 17.2, we have 

C23Clfc, = C2CiC2Ci^, - CC2C1^, = C2CiC2^,_^^ + 5fc'>lCc2ClC2^^,_^ + 4'>3C2ClC2^,_3 
~ Cc2fc,+i - 4'>lC^C2^,_^ - 4'>3Cc2fe,_3 = C2Cl^,^2 + ^fc'>lCc2Cl^, 
+ <^fc'>3C2Ci^,_2 - Cc2fc,+i - 4'>lC^C2^,_^ - 4'>3Cc2fc,_3 

= C2fe,+3 + Cc2fe,+i + (^fc'>lC2,,_i + (^fc'>lCc2fe, + i + Sk'>lC^C2^,_, + 5k'>zCc2^,_^ 

+ (^fc'>3C2,,_i + (^fc'>3Cc2fe,_3 + (^fe'>5C2fe,_5 - Cc2,,+i - (^fe'>lC^C2,,_, - (Jfe'>3Cc2,,_3 

= <^2fe,+3 + (^fc'>lCc2fe,+i + {5k'>l + (^fe'>3)c2j^,_i + (^fc'>3Cc2fe,_3 + h'>bC2y_^, | 

as required. 

We prove the equahty in (a) for fixed A;', by induction on k. The cases A; = 0, 1 
are aheady known. Assume now that k = 2. Using C25 = C2C1C23 — CC23 — C2i, 
17.2, and the case /c = 1, we have 

C25Clj^, = C2CiC23Ci^, - C,C2sCi^, - C2iCi^, 

= C2C\C2^,^^ + 5fc'>lCc2ClC2j^,^^ + (5fc'>l + (^fc'>3)c2CiC2j^,_^ + (^fc'>3Cc2CiC2^^,_3 
+ h'>bC2ClC2y_^ - Cc2fc,+3 - (^fc'>lC^C2j^,_^, - ((^fc'>l + <^fc'>3)Cc2fc,_i 

- <^fc'>3C^C2^^,_3 - 5fc'>5Cc2fe,_5 - C2^,^^ - '^fe'>lCc2fe,_i " 4'>3C2fc,_3 
= C2Cly^^ + 4'>lCc2Cl^,_^2 + (4'>1 + 4'>3)C2C1^, + 4'>3CC2Cl^,_2 
+ 4'>5C2Cl^,_4 - Cc2fe,+3 - 4'>lC^C2j^,^-^ - (5a;'>1 + 4'>3)Cc2fc,_i 

- 5k'>2.(^C2y_^ - 5k'>bCc2y_^ - C2y^^ - 5A;'>lCc2fe,_i - 5k'>^C2^,_^ 

= C2y+, + Cc2,,+3 + C2,, + i + 4'>lCc2,,+3 + 4'>lC^C2,,^, + h'>lCc2y_^ 

+ (4'>1 + 4'>3)c2fc,+i + (5fc'>l + (^fc'>3)Cc2fc,_i + 25fc'>3C2fc,_3 + (^fc'>3Cc2fc,_i 

+ h'>'iC^C2y_^ + 4'>5Cc2fc,_5 + (^fc'>5C2j^,_3 + (^fc'>5Cc2fc,_5 + 5fc'>7C2fe,_7 

- Cc2fc,+3 - h'>lC'^C2^,+-, - {5k'>l + (^fe'>3)Cc2fe,_i - (^fe'>3C^C2^^,_3 - 5k'>bC,C2^^, _^ 

= C2,,+5 + (^fe'>lCc2fe,+3 + {Sk'>l + (^fc'>3)c2,,+i + (^fe'>3C2fe,_3 + (^/c'>3Cc2,,_i 

+ <^fe'>5C2fe,_3 + (^fe'>5Cc2fe/_6 + (^/s'>7C2fe/_7 

= C2,,^5 + 5fc'>lCc2fe,+3 + {Sk'>l + (^fc'>3)c2,,+i 

+ (^fe'>3Cc2fe,_i + iSk'>3 + (^fe'>5)c2j^,_3 + (^/c'>5Cc2fc,_B + (^/c'>7C2fe,_7- 

A similar argument apphes for A; > 4. This proves (a). 

(b) is obtained by multiplying both sides of (a) by ci on the left; (c),(d) are 
obtained by applying h ^-^ to both sides of (a),(b). We prove (e). We have 

C22fe+2Clfe, = C22, + iCiCi^, = /lC22, + iCi^, 

and the last expression can be computed from (a). This proves (e). Similarly, (f) 
follows from (b); (g) is a special case of 6.6. The proposition is proved. 
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17.5. From 7.4,7.6 we see that the function A : ^ N has the following values: 
A(22fc) = kLi + kL2, 
A(22fc+i) = -kLi + {k+ 1)L2, 
A(li) = Li, 

A(l2fc+i) = (/c - l)Li + kL2, if /c > 1, 
A(l2fc) = kLi + kL2. 

It follows that PI holds and that T> consists of 2q = lo,2i,li,l3. Thus, P6 
holds. 

The formulas in 17.3, 17.4 determine hx,y,z for all x,y,z except when x = 1 or 
2/ = 1, in which case hi^y^^ — Sy^^, hx,\,z = ^x,z- From these formulas we see that 
the triples (a;, d) with d eV, jx,y,d 7^ are: 

(22fe+l5 22fc+l, 2i), (l2fc+2, 22fc+2, Is), (lljll,!!), 

(I5 (22A;+2, l2A;+2, 2l),(l2fc+3, l2fc+3, I3), 

where k > 0. This implies that P2,P3 hold. From the results in 8.8 we see that 
P4,P9,P13 hold. From 14.5 we see that P5 holds. From 14.7 we see that P7 holds. 
Prom 14.8 we see that P8 holds. Prom 14.10 we see that PIO holds. Prom 14.11 
we see that Pll holds. Prom 14.12 we see that P12 holds. Prom 14.14 we see that 
P14 holds. 

We now verify P15 in our case. With the notation in 14.15, it is enough to show 
that, if a, 6 e {1, 2}, w e W, SaW > w, wsb > w, then 

(Cae„)c5 — Ca(eu,4) G ^>a(w)+l- 

Here = Cg^, = c'g^- If a or 6 is 1, then from 17.2 we have (cae^)c[, — Co(eu,c^) = 
0. Hence we may assume that a = h = 2 and w = l2fc+i- Using 17.2 we have 

= e22fc+3 + Ce22fe+i + Sk>oe22k-i + <^fc>oC'e22fe+i + <^/c>oCC'e22fe_i 
+ Sk>iC'e22k-3 + <^fc>ie22fc_i + (^fc>iCe22fe_3 + h>2e22k-5 
= e22fe+3 + Ce22fe+i + <^fc>oC'e22fc+i + <^fc>oe22fc-i + Sk>ie22k-i 
+ 4>oCC'e22fc-i + <^fe>i(C + C')e22fe_3 + Sk>2e22k-5- 

Similarly, 

(C2ei2fe+i)c2 = 622^+3 +C'e22fc+i +4>oCe22fe+i +^fc>o)e22fc_i + Sk>ie2^k-i 
+ (^fc>oCC'e22fc_i + ^fc>i(C + C')e22fc_3 + 4>2e22fc_5- 
Hence 

C2(ei2fe+iC2) - (C2ei2,+Jc2 = (C - C')(l - 4>o)e22fe+i- 

If /c > 0, the right hand side is zero. Thus we may assume that k = 0. In this 

case, 

C2(eiiC2) - (C2eijc2 = (C-C')e2i- 

We have a(li) = Li < L2 — a(2i). This completes the verification of P15 in our 
case. 
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18. The ring J 

18.1. In this section we assume that W is tame and that P1-P15 in are valid. 

Theorem 18.2. (a) W has only finitely many left cells, 
(h) W has only finitely many right cells. 

(c) W has only finitely many two-sided cells. 

(d) T> is a finite set. 

We prove (a). Since ai{w) is bounded above it is enough to show that, for any 
a G N, a~^(o) is a union of finitely many left cells. By P4, a~^(a) is a union of 
left cells. Let IH} be the Z-algebra Z ®^ ?i where Z is regarded as an ^-algebra 
via V ^ 1. We write instead of 1 (^c^^,. For any a' > let 7Y>^, be the subgroup 
of Ti} spanned by {c^;a(t(;) > a'} (a two-sided ideal of 7Y^, by P4). We have a 
direct sum decomposition 

(e) nijnia+i = ®rEr 

where F runs over the left cells contained in ai~^{a) and Er is generated as a 
group by the images of Cw,w G F; these images form a Z-basis of E-p. Now 
^>a/^>a+i inherits a left Ti^-module structure from and (by P9) each Er 
is a Ti^-submodule. Since W is tame, there exists a finitely generated abelian 
subgroup Wi of finite index of W. Now = Z[W] contains Z[Wi] as a subring. 
Since '^>a/'^>a+i is a subquotient of (a finitely generated Z[VFi]-module) 
and Z[W^i] is a noetherian ring, it follows that 'Hl>a/T^>a+i ^ finitely generated 
Z[W"i] -module. Hence in the direct sum decomposition (e) with only non-zero 
summands, the number of summands must be finite. This proves (a). 

Since any right cell is of the form F~^ where F is a left cell, we see that (b) 
follows from (a). Since any two-sided cell is a union of left cells, we see that (c) 
follows from (a). From P16 we see that (d) follows from (a). The theorem is 
proved. 

18.3. Let J be the free abelian group with basis {tyj)w£W- We set 

zew 

The sum is finite since 7x,y,2-i 7^ =^ ^x,y,z 7^ and this implies that z runs 
through a finite set (for fixed x, j/). We show that this defines an (associative) ring 
structure on J. We must check the identity 

(^) ^ ^j ^x,y,z~'^1z,u,u'~^ ^ ] Ti/,M,w~^Ta:,w,M'~^ 

z w 

for any x, y, u, u' G W. From P8,P4 we see that both sides of (a) are unless 



(b) 



a(a;) = a(y) = a('u) = a(tt') = a 
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for some a e N. Hence we may assume that (b) holds. By P8,P4, in the first sum 
in (a) we may assume that a.{z) = a and in the second sum in (a) we may assume 
that a.{w) = a. The equation {cxCy)cu = Cx{cyCu) in H. imphes 

z w 

If hx,y,zhz,u,u' 7^ then u' <ti z <-ji x hence, by P4, a(w') > a(^) > a{x) and 
a(^) = a. Hence in the first sum in (c) we may assume that Si{z) = a. Similarly 
in the second sum in (c) we may assume that a.{w) — a. Taking the coefficient of 
^;2a(z) both sides of (c) we find (a). 

The ring J has a unit element Yldev'^dtd- Here Ud = ±1 is as in 14.1(a), see 
P5. (The sum is well defined by 18.2(d).) Let us check that tx'^^ndtd ~ tx for 
X G W. This is equivalent to the identity '^d'^dlx,d,z-^ = ^z,x- By P7 this is 
equivalent to ?T'd7z-i,a;,d — ^z,x- This follows from P2,P3,P5. The equality 
(Y^d'^dtd)tx = tx is checked in a similar way. 

For any subset X of W, let be the subgroup of J generated by {tx'-, x e X}. 
If c is a two-sided cell of VF, L then, by PS, is a subring of J and J = ®cJ^ is a 
direct sum decomposition of J as a ring. The unit element of J'^ is Ylde'Dnc'^d^d- 
Similarly, if F is a left cell of W, L then J^'"'^ is a subring of J with unit element 
Hdtd where d E V HT. 

Proposition 18.4. Assume that we are in the setup of 15.1. Let x,y E W . 

(a) The condition x U is equivalent to the condition that txty~i ^ and to 
the condition that, for some u, ty appears with ^ coefficient in tutx- 

(h) The condition x y is equivalent to the condition that tx-ity ^ and to 
the condition that, for some u, ty appears with ^ coefficient in txtu- 

(c) The condition x ^CTZ V is equivalent to the condition that txt^ty 7^ for 
some u and to the condition that, for some u, u' , ty appears with ^ coefficient 
m t^'txtu ■ 

Let J+ = Y.Z N^z- By 15.1(a) we have J+ J+ C J+. 

We prove (a). The second condition is equivalent to ■^x,y-^,u ^or some u; 
the third condition is equivalent to Jx,u,y-^ for some u. These conditions are 
equivalent by P7. 

Assume that 'yx,y-'^.u 7^ for some u. Using P8 we deduce that x ^ c, V- 
Assume now that x ~£ y. Let d G be such that x d. Then we have also 
y d. By P13 we have 7^-i,x,d 7^ 0, ly-\y,d ^ 0. Hence -fx-\x,d = ^,ly-\y,d = 
1. Hence tx-itx G id + J''", ty-ity G td + J'^- Since tdtd = td, it follows that 
tx-^txty-ity G tdtd + J'^ = td-\- ■ In particular, txty-i 7^ 0. This proves (a). 
The proof of (b) is entirely similar. 

We prove (c). Using the associativity of J we see that the third condition on x, y 
is a transitive relation on W. Hence to prove that the first condition implies the 
third condition we may assume that either x ~£ y or x y, in which case this 
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follows from (a) or (b). The fact that the third condition implies the first condition 
also follows from (a),(b). Thus the first and third condition are equivalent. 

Assume that txtuty ^ for some u. By (a),(b) we then have x ~£ u~^,u~^ 
y. Hence x ^cn V- 

Conversely, assume that x ^cn V- By P14 we have x ^cn ■ By the 
earlier part of the proof, ty-i appears with ^ coefficient in tu'txtu for some tt, u' . 
We have tu'txtu e aty-i + J"*" where a > 0. Hence tu' txtuty G aty-ity + J"*". 
Since ty-ity has a coefficient 1 and the other coefficients are > 0, it folows that 
tu'txtuty 7^ 0. Thus, txtuty 7^ 0. We see that the first and second conditions are 
equivalent. The proposition is proved. 

18.5. Assume now that we are in the setup of 7.1 with m = oo and L2 > Li. 
From the formulas in 17.3,17.4 we can determine the multiplication table of J. We 



find 








^22fc + 1^22i./_|_i 


~ X^uefCfc] ^22fc+2fe' 


+1 


-4u 


^l2fc+3^l2fe'+3 


— J2ue[o,k] ^i2fe+2fe' 


+3 


-4u 


^22fe + 1^22j./_|_2 


~ Sue[0,fc] ^22fc_,_2fc' 


+2 


-4u 


^l2fc+3^l2fe'+2 


— '^ue[0,k] ^l2fc+2fe' 


+2 


-4u 


^22fc+2^l2fe'+3 


~ Y2ue[0,k] ^22fc+2fe' 


+2 


-Au 


^22fc+2^l2fc' + 2 


~ '^ue[0,k] ^22fc+2fc' 


+ 1 


— 4u 


^l2fe+2^22fe/_,_i 


— 12ue[o,k] ^i2fe+2fe' 


+ 2 


-4u 


^l2fc+2^22fe/_,_2 




+3 





^ll^ll = ^ll) 

tltl = tl] 

here k,k' > and k = min(/c, k'). All other products are 0. 

Let R be the free abelian group with basis {bk)ke'N- We regard i? as a commu- 
tative ring with multiplication 

bkbk' = ^ bk+k'-2u- 

u6[0,min(A;,fc')] 

Let Jo = "^wew-li ii} "^^^ formulas above show that J = Jq © Zti © Zti^ 

(direct sum of rings) and that the ring Jq is isomorphic to the ring of 2 x 2 matrices 
with entries in R, via the isomorphism defined by: 

*22fe+i ^ ( 0*° S ) ' *i2fc+3 ^ ( bl ) ' *22fe+2 ^ ( 2 oO ' *^2fe+2 ^ ( 6° ) • 

Note that R is canonically isomorphic to the representation ring of SL2{C) with 
its canonical basis consisting of irreducible representations. 

18.6. Assume that we are in the setup of 7.1 with m = 00 and L2 = Li. By 
methods similar (but simpler) to those of §17 and 18.5, we find 

t22k + 1^22k' + l — ^22fc_,_2fc' + l-2«" 

Me[0,2min(fc,fe')] 
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Let be the subring of J generated by t22fe+i; ^ G N. While, in 18.5, the analogue 
of was isomorphic to as a ring with basis, in the present case, is canonically 
isomorphic to i?', the subgroup of R generated by with k even. (Note that R' 
is a subring of R, naturally isomorphic to the representation ring of PGL2(C).) 

18.7. In the setup of 7.1 with m = 4 and L2 = 2, Li = 1 (a special case of the 
situation in §16), we have 

J = zti e zti^ e Jo ® zt23 ® zt24 

(direct sum of rings) where Jq is the subgroup of J generated by t2i, 7^12 7^13- 
The ring Jq is isomorphic to the ring of 2 x 2 matrices with entries in Z, via the 
isomorphism defined by: 

*=."(;s). '^-"(s;). 

Moreover, ti,tii,t24 are idempotent. On the other hand, 

^23^23 = -^23- 

Notice the minus sign! (It is a special case of the computation in 7.8.) 

18.8. For any 2; e I^ we set fiz = rid where d is the unique element of V such 
that d ~£ and Ud = ±1 is as in 14.1(a), see P5. Note that 2; 1-^ is constant 
on right cells. 

Theorem 18.9. The A-linear map (j) •.'H ^ Jj^ = A® J given by 

0(4) = K,d,zfiztz {x e W) 

zeW,deT>;a{d)=a{z) 

is a homomorphism of A- algebras with 1. 
Consider the equality 

(see P15) with a(x2) = a(y) = a. In the left hand side we may assume that 
y <7^ w <c X2 hence (by P4) a.{y) > a.{w) > a(x2), hence a{w) — a. Similarly in 
the right hand side we may assume that a.{w) = a. Picking the coefficient of v'°' 
in both sides of (a) gives 

Let x,x' e W. The desired identity 0(4^^') = 0(4)0(^1/) is equivalent to 



Yl hx,x',^h^,d,uK- E hx,d,zh^,,,,,.nz,z',u-^ 



nzriz' 



w€W,dev z,z'ew,d,d'ev 

a(d)=a' a(d)=a(2) 

a{d')=a{z') 
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for any u eW such that a(tt) = a'. In the right hand we may assume that 

a.{d) = a.{z) = a((i') = ai{z') = a' and hg = fiu 
(by P8,P4). Hence the right hand side can be rewritten (using (b)): 

hx',d',z' ^2 ^x,d,zlz,z',u-^nunz' 

z'eW,d,d'eT> z;a.{z)^a' 
a{d)=a.{d')=a(z')=a' 

z'eW,d,d'eT> w;a{w)=a' 
a(d)=a(d')=a(z')=o' 

By P2,P3,P5, this equals 

^ ^ hx' ,d' ,z'hx,z' juff'u 

z'€W,d'€V;a.{d')=SL{z')^a' 

which by the identity {cxCx')cd' = Cx{cx'Cd') equals 

^ ] hx,x' ,whw,d' ,uf^u- 

weW,d'eTi;a(d')=a' 

Thus (p is compatible with multiplication. 

Next we show that (p is compatible with the unit elements of the two algebras. 
An equivalent statement is that for any z E W such that a.{z) — a, the sum 
X^dex> a(d)=a hi,d,z'f^z equals rig if z e T> and is if 2; ^ I>. This is clear since 
hi,d,z = Sg^d- 

18.10. If we identify the ^-modules H and J4 via cj^, 1— > hyjtyj, the obvious left 
J^-module structure on becomes the left J^-module structure on Ti, given by 

tx * = ^ ] lfx,w,z-''-f^wft'zc\ 



^z 

z€W 



Let Ha = ®wMy^)=a^cl,n>a = ©u,;a(w)>a-4ci,. We havc ta;*cl e 7ia(«;) for aU 
X, w. For any /i e 7i, w e we have 

(a) = (j){h) * cl mod H>a(^)+i. 

Indeed, we may assume that h = cl.. Using 18.9(b), we have 

0(4) * 4 = ^xAz^ztz * 4 

a(d)=a(2;) 



— ^ ^ hx,d,z1z,w,u-^'^z'IT'wf''ucli — ^ ] hx,d,z^z,w,u-^'^wC. 

d(E:'D,z,u dE'DjZjU 
a(d)=a(2) a(d)=a(u))=a('u) 



^ ] hx,t,ulfd,w,t-^f^wcl^ — ^ ^ ^a;,w,u7d,tii,w-i'^wc|^ 

dE'DjtjU dE'DjU 
a(d)=a(w)=a(u) a(d)=a('U))=a(u) 

^a;,^i;,n4 = 44 "^0^ 'H>a(«;) + 1, 

u 

a(w)=a{u) 
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as required. 

18.11. Let A — > R he a ring homomorphism of A into a commutative ring R 
with 1. Let Hr^ R^a'H^Jr^ R ®A (Ja) ^R®J, nR,>a ^ R(S)a ^>o- Then 
(f) extends to a homomorphism of i?-algebras 0ij : Hr — > Jr. The J^-module in 
18.10 extends to a JA-module structure on Hr denoted again by *. From 18.10(a) 

we deduce 

(a) hcl, = (pR{h) * mod HR,>a(w)+i for any h e Hr, w eW. 

Proposition 18.12. (a) If N is a bound for W, L, then {her (^r)^'^^ = 0. 

(b) If R = Rq[VjV~^] where Rq is a commutative ring with 1, v is an indeter- 
minate and A —> R is the obvious ring homomorphism, then ker (f)R = 0. 

We prove (a). If h & ker (f)R then by 18.11(a), we have hTi.R^>a C. ?ii?,>a+i for 
any a > 0. Applying this repeatedly, we see that, if hi, /i2, . . . , /ijv+i G H, we have 
/ii/i2 • • • /i7v+i G Hr^>n+i = 0. This proves (a). 

We prove (b). Let h — X^-^PxcJ; G ker (f)R where px G R. Assume that h ^ 0. 
Then p^ ^ for some x. We can find a > such that Px ^ a.{x) > a 

and X = {x E W-.px 0, a(x) = a} is non-empty. We can find 6 G Z such that 
Px G t'''Z[t;~^] for all a; G X and such that X' = {x E X; iibiPx) 7^ 0} is non-empty. 
Let xq G X' . We can find d E V such that 7^ , -1 = 7^-1 ^ j 7^ 0. We have 

= Y.xPx'^i'^d- If ^(^) > ^hen G 7ii?,>a+i. Hence = Y^xex P=^4:4i 
mod HR^>a+i- Since 4>R{h) = 0, from 18.11(a) we have /ic^ G mod 7Yfl;^>a+i. 
It follows that '^xex Px'^t'^d ^ '^i?,>a+i- In particular the coefficient of cj,^ in 

I]a.£xPa;44 ^- ^^^^^ words, Ylixex Pxhx,d,xo = 0. The coefficient of in 
the last sum is 

""biPxhxAxo' = ""biPxohxoAxo' 

and this is on the one hand and on the other hand is non-zero since TTbipxo) 7^ 
and 7^^ ^ ^-1 7^ 0, by the choice of xq, d. This contradiction completes the proof. 

19. Algebras with trace form 

19.1. Let i? be a field and let A be an associative i?-algebra with 1 of finite 
dimension over R. We assume that A is semisimple and split over R and that we 
are given a trace form on A that is, an i?-linear map t : A — > R such that (a, a') = 
T{aa') — T{a'a) is a non-degenerate (symmetric) i?-bilinear form [,) : Ax A ^ R. 
Note that {aa',a") = {a, a' a") for all a, a', a" in A. Let Mod^ be the category 
whose objects are left ^-modules of finite dimension over R. We write E G Irr^ 
for "i? is a simple object of ModA". 

Let [aiji^i be an i?-basis of A. Define an i?-basis {a[)i^i of A by (cj, a'^) = 5^ . 
Then 

(a) Ylii CLi® a'i E A® Ais independent of the choice of (a^). 
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Proposition 19.2. (a) We have — 1- 

(b) If E e Irr^, then '^^tT{ai, E)a[ is in the centre of A. It acts on E as a 
scalar & R times the identity and on E' G IrrA, not isomorphic to E, as zero. 

Moreover, fE does not depend on the choice of [ai). 

(c) One can attach uniquely to each E e IttA a scalar Qe ^ R (depending only 
on the isomorphism class of E), so that 

E 9Etr{a, E) = r (a) for all a e A, 
where the sum is taken over all E e IttA up to isomorphism. 

(d) For any E G IttA we have fEdE = 1- In particular, fE i^^^dE 0- 

(e) IfE.E' G IttA, then tr(ai, £;)tr(a-, is /^dimE ifE,E' are isomor- 
phic and is 0, otherwise. 

Let A = (Bn^iAn be the decomposition of A as a sum of simple algebras. Let 
Tn : An — > R he the restriction of r. Then is a trace form for An, whose 
associated form is the restriction of (, ) and {A^, An') = for n 7^ n'. Hence 
we can choose (oj) so that each Oj is contained in some A^, and then a[ will be 
contained in the same A^ as a'^. 

We prove (a). From 19.1(a) we see that T{ai)a[ is independent of the choice 
of (oi). Hence we may choose (a^) as in the first paragraph of the proof. We are 
thus reduced to the case where A is simple. In that case the assertion is easily 
verified. 

We prove (b). Prom 19.1(a) we see that J^^j tr(ai, £^)o^ is independent of the 
choice of (oj). Hence we may choose (a^) as in the first paragraph of the proof. 
We are thus reduced to the case where A is simple. In that case the assertion is 
easily verified. 

We prove (c). It is enough to note that a 1— > tr(a, E) form a basis of the space 
of i?-linear functions A ^ R which vanish on all aa' — a' a and r is such a function. 

We prove (d). We consider the equation in (c) for a = a^, we multiply both 
sides by a[ and sum over i. Using (a), we obtain 



Hence J2e d^J^i^^i'^i^ — 1- By (b), the left hand side acts on a G IttA 
as a scalar QE'fE' times the identity. This proves (d). 

(e) follows immediately from (b). The proposition is proved. 

19.3. Now let A' be a semisimple subalgebra of A such that r', the restriction of 
r to A' is a trace form of A' . (We do not assume that the unit element 1a' of A' 
coincides to the unit element 1 of A.) If i? G ModA then Ia'E is naturally an 
object of ModA'. Hence if E' G IttA' , then the multiplicity [E' : Ia'E] of E' in 
Ia'E' is well defined. 

Note that, if a' G A', then tr(a', Ia'E) = tr(a', E). 
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Lemma 19.4. Let E' e Irr^'. We have qe' = J2e[^' '■ ^A'E]gE, sum over all 
E e Irr^ (up to isomorphism). 

By the definition of qe'-, it is enough to show that 

(a) T.e[E' ■■ l'E]gEtTia', E') = T(a') 
for any a' G A' . Here E' (resp. E) runs over the isomorphism classes of simple 
objects of ModA' (resp. ModA). The left hand of (a) is 

J29eJ2[E' : l'EMa',E') = ^ ^^tr(a', = ^^^;tr(a', = T(a'). 

EE' E E 

This completes the proof. 

20. The function 

20.1. In this section we assume that the assumptions of 18.1 hold and that W is 
finite. 

The results of §19 will be applied in the following cases. 

(a) A — Tic, R = C Here ^ ^ C takes v to 1. We identify He with the group 
algebra C[VF] by w i— for all w. It is well known that C[VF] is a semisimple 
split algebra. We take r so that t{x) — dx,i for x e W. Then the bases (x) and 
{x~^) are dual with respect to (,). 

We will say " W^- module" instead of " C [VF] -module" . We will write ModW, IttW 
instead of ModC [W] , IrrC [W] . 

(b) A = Jc, -R = C. Since C[W] is semisimple, we see from 18.12(a) that the 
kernel of (pc '■ C [W] — > Jc is so that 0c is injective. Since dim C[VF] = dim Jc = 
ttVF it follows that 0c is an isomorphism. In particular Jc is a semisimple split 
algebra. We take r : Jc — > C so that T{tz) is if 2; e P and 0, otherwise. Then 
{tx,ty) = Sxy,i- The bases (t^) and (t^-i) arc dual with respect to (, ). 

(c) A = 7ic(u)5-R = C{v). Here A — > C takes v to v. The homomorphism 
4^c{v) '■ ^c(i)) ~^ Jc{v) is injective. This follows from 18.12(b), using the fact that 
injectivity is preserved by tensoring with a field of fractions. Since Ticiv): Jc{v) 
have the same dimension, it follows that 0c(i;) is an isomorphism. Since J(2{v) = 
C(f ) ® Jc, and Jc is semisimple, split, it follows that Jc(i)) is semisimple, split, 
hence 7ic(u) is semisimple, split. We take r : 7ic(u) ~^ C(f ) so that t{T^) = S^^i. 
The bases {T^) and (Tj.-i) are dual with respect to (, ). 

Remark. The argument above shows also that, 

(d) if R = Ro{v), with Rq an arbitrary field and A ^ R carries v to v, then 
4>R '• Ti-R — > Jr is an isomorphism; 

(e) if in 18.11 is a field of characteristic then (f)ji : Tin — > Jji is an isomor- 
phism if and only if Tii? is a semisimple i?-algebra. 

20.2. For any E G ModVF we denote by E^ the corresponding Jc-module. Thus, 
E^it coincides with E' as a C-vector space and the action of j G Jc on E^f, is the 
same as the action of (t>~^{j) on E. The Jc-module structure on E^^ extends in a 
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natural way to a Jc(v)-module structure on = C{v) E^. We will also regard 

Ey as an ?Yc(D)-iiiodule via the algebra isomorphism 0c(i;) '■ T^Civ) — Jc{v)- If E 
is simple, then E^ and E^ are simple. 

Let E G IrrVF. Then E^ is a simple J^-module for a unique two-sided cell c of 
W. Then for any x G c, we write E ~£7^ x. If E, E' G IrrVF, we write E ^cn E' 

if for some x eW we have E x-, E' ~£7^ x. 

20.3. There is the following direct relationship between E and E^ (without going 
through J): 

tr(x, E) = tr(T^, Ey)\y^i for aU xeW. 

Indeed, it is enough to show that tr(cj., E) = tr(cj., Ey)\y=i. Both sides are equal 
to J2zew,devlx,d,z-^''^ztT{t^, E^). 

20.4. Assume that E G IttW. We have 
(a) {fEjv=idME) = ^W. 

Indeed, setting v = 1 in Ylxew ^'^i^x, Ey)tr{T^-i, Ey) = fs^ dim(£;) gives 

tr{x,E)tr{x-\E) = {fEjv=idim{E). 

x€W 

The left hand side equals jlVF; (a) follows. 

20.5. Let I C S, let E' G IrrWj and let E G IrrM^. We have 
(a) [E'y : Ey] ^ [E' : E]. 

The right hand side is tl(W^/)~^ T^xeWi ^^(^^ -E')tr(a;-^ E). The left hand side is 

/^/dim(£;')-^ J2 tr{T,,E'y)tr{T,-i,Ey). 

xeWi 

Since this is a constant, it is equal to its value for w = 1. Hence it is equal to 

(/^/).=idim(E')-' J2 tT{x,E'y)tT{x-\Ey). 
xeWi 

Thus it is enough to show that (J^;/ )„=i dim(£") = ^(W/). But this is a special 
case of 20.4(a). 

Proposition 20.6. Let E G IttW. 

(a) There exists a unique integer sle > such that tT(Tg;, Ey) G i'~^-^C[t)] for 
all X eW and tT{Tx, Ey) ^ t)~''^+iC[f] for some x E W . 

(b) For X eW we have tT(T^, Ey) = sgn(x)f ~^^tr(t^, E^) mod v~^^+'^C[v]. 

(c) Let c be the two-sided cell such that E^ G IrrJg. Then = a.{x) for any 
X e c. 

Let a = a.{x) for any x E c. By definition, 

tr(4,£;„)= ^ hx,d,znztT{t^,E4„). 

«€W,d€X);a(d)=a(«) 
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In the last sum we have tr{tz, E^) ~ unless 2; e c in which case a(2) = a. For 
such z we have hx,d,z = hx,d,z = lx,d,z-'^'^~^ mod v~""''^Z[v], hence we have 

tr(4,£;„)= J] ^x^a^,-,hMtz.E^)v-'' mod^;-«+iCH. 
zew,de'D 

For each z in the last sum we have 'Ylide'Dlx,d,z-'^^z — Sx,zndnz — ^x,z- This gives 

(d) tr(4, Ey) = tr(t^, E^)v-'' mod y-^'+^Civ]. 
We have = E2,;y<x ^y.^c^. Hence sgn{x)Ta; = = Ey;j;<a; 5y,x4- Applying" 
gives sgn(a;)T, = Ey;y<a; ^y,a;4- Hence 

tr{Tx,Ey) ^sgii{x) qy^^tv{cl,Ey). 

y,y<x 

Using (d) together with q'^^^ = 1, q'y ,^ E vZ[v] (see 10.1), we deduce 
tr(T^,K) = sgii{x)tT{tx,E4,)v~'' mod y-^+^Clv]. 

Since E^ e IrrJc, we have tT{tj;, E^) ^ for some x e W. The proposition 
follows. 

Corollary 20.7. /e^ = /s^'i'"^*^ + strictly higher powers of v. 
Using 19.2(e) for 'Hc{v) ^■nd Jc, we obtain 

fE^ dim£ = 5^tr(T^,K)tr(T^-i,E^) 
e J]tr(t„E4)tr(t,-i,£;4,)7;-2-- +^-2a^+iCH 

a; 

= Je^ dimEv-^^^ + v-^^^+^CH. 
The corollary follows. 

Let": C[v^v~^] — > C[v,v~^] be the C-algebra homomorphism given by v"' 1-^ 
for all n. 

Corollary 20.8. For any x eW we have tr(T~_\, K) = t^iT^^Ey). 

We have = sgn(x) Ey;y<x^y,x4' ^x"-i = ^g^(^) ^j/;2/<a; 4,^4' ^^^^^ 

tr(T^, Ey) = sgn{x) Ey;j;<x ^y,xtr(4, Ey), 

tr(T-\ , E,) = sgn(a;) E,;,<. g;,xtr(4, K_)^ 

Thus, it suffices to show that tr(4,-Ev) = tr{cy,Ey) for any y e VF. As in the 
proof of 20.6 we have 

tr(4,K)= hy,d,znztr{tz,E^). 

z€W,d€V;a{d)=a{z) 

Hence it suffices to show that hy^d,z = hy^d,z ior all d, z in the last sum. But this 
is clearly true for any y, d, z in W. 
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For E e ModW we write E\eI instead of E ^ sgn, {E (g) sgn)„. 

Lemma 20.9. Let E G IrrVF. For any x & W we have 
tT{T^,{E^)v) = (-l)'(-)tr(T,,^„). 

There is a unique a C(t')-algebra involution "I" : 'Hc{v) ~* T^c(v) extending 
^ : Ti. ^ H (see 3.5). Let {E^y be the 'Hc{v)-^od\ile with underlying vector space 
Ey such that the action of h on El is the same as the action of h''' on Ey. Clearly, 

we have 

tr(T„(K)t) = (-l)'(-)tr(T-\,K) = (-l)K-)tr(T,, K)- 

(The last equation follows from 20.8.) Setting v = 1 we obtain 

tr(T,, {Ey)%=i = (-l)'(^)tr(a;, E) = ti{x, E^). 

Using 20.3, we deduce that {Ey^ ^ El in ModHc{v)- The lemma follows. 
Proposition 20.10. For any x eW we have 

tr(Ta;, Ey) — ti{tx, E^^)v^i^^ + strictly lower powers of v. 

By 20.9 and 20.6 we have 

tr(T^, Ey) = sgn(a;)tr(T„ eI) = tr(t^, eI)v-^b:^ + strictly higher powers of v 
= tr(ta;, E^^)v^^^ + strictly lower powers of v. 

The proposition is proved. 

Corollary 20.11. /e^ = /^t v^^^t -|- strictly lower powers of v. 
Using 20.10 we have 

fE^ dimE = J2 tr(T^, Ey)tT{Tx-i , Ey) 

X 

e ^tr(t„E;)tr(t,-i,E;)^;2-^t +^2a,t-ic[^-i] 

X 

Lemma 20.12. Let E' G IyyWi. We have qe'^ = T.E;Eeirrw[E' ■ E]gE^. 

We apply 19.4 with A = Hc(v) and A' the analogous algebra for Wj instead of 
W, identified naturally with a subspace of A. (In this case the unit elements of 
the two algebras are compatible hence Ia'E^ — Ey.) It remains to use 20.5(a). 
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Lemma 20.13. Let E e IttW. 

(a) For any x e W, tT{tj;-i , E^) is the complex conjugate oftT{tx,E^). 

(b ) fE^ is a strictly positive real number. 

We prove (a). Let {,) : E x E — >Cbea positive definite hermitian form. We 
define (, )' : E^ x E^ — ^ C by (e, e')' = Xlzeiy (^«^' ^z^')- This is again a positive 
definite liermitian form on E^. We show that 

{txe,e'y = {e,tg;-iey 

for aU e, e'. This is equivalent to 

y,z y,z 

which foUows from ■yz,x.y-'^ = ly,x-'^,z-^- We see that ty^-i is the adjoint of t^ with 
respect to a positive definite fiermitian form, (a) follows. 

We prove (b). By 19.2(e) we have /^^ dim(£) = tr(t„ £;^)tr(t^-i, 
The right hand side of this equality is a real number > 0, by (a). Hence so is the 
left hand side. Now /^^ 7^ by 19.2(d) and (b) follows. 

Proposition 20.14. Let E' e IrrW^j. 

(a) For any E e IrrVF such that [E' : E] ^ we have a^;/ < a^;. 
(h) We have g^'^ = '^[E' : E]gE^, sum over all E e IvvW (up to isomorphism) 
such that sle — 3le' ■ 

Let X be the set of all E (up to isomorphism) such that [E' : i?] 7^ and such 
that Sle is minimum, say equal to a. Assume first that a < a^/. Using 19.2(d) we 
rewrite 20.12 in the form 

(c) v-'^f^} = E^[E':E]v-'-f^;. 
By 20.7, we have 

(d) {v-'--fEX=0 = IeI: iv-'^-' fEl)\v=0 = Se^^ 

hence by setting v = in (c) we obtain 

0= Y.'^E' : E]f-l. 

E€X 

The right hand side is a real number > by 20.8(b). This is a contradiction. Thus 
we must have a> sle' and (a) is proved. 

Wc now rewrite (c) in the form 

(e) v-'^-'f^l = Ze[E' ■■ E]v-^-^'f-\ 

Using (d) and (a) we see that, setting f = in (e) gives 

/-= y: [e'-.eu-k 

E\a.E=aiE' 

This proves (b). 
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20.15. Let K{W) be the C- vector space with basis indexed by the E e JiiW (up 
to isomorphism). If E e ModW we identify E with the element X^^f-E : E]E e 
K{W) {E as above). We define a C-hnear map j^^ : K{Wi) K{W) by 

\^,{e') = y.e\e'--E]e, 

sum over all E G IrrVF (up to isomorphism) such that Sle = sle'', here E' e IrrW/. 
We call this truncated induction. 

Let /" C I' C S. We show that the following transitivity formula holds: 

(a) j'(^Jw';,=3w,.--K{Wj.)^K{W). 

Let E" e IrrW/" . We must show that 

[E":E]= [E" : E'][E' : E] 

for any E" e 1j:tWi",E e IrrW such that a.E" = sle, in the sum we have E' e 
IrrW//. Clearly, 

[E" : E] = : : E]. 

E' 

Hence it is enough to show that, if [E" : E'][E' : E] 0, then we automatically 
have a.E' = B-e"- By 2.10(a) we have a.E" < B-e' < sle- Since a.E" — sle, the 
desired conclusion follows. 

20.16. For any x eW we set 

7,= Yl t^{tx,E4,)EeK{W). 

E;EelrrW 

We sometimes write 7^ instead of 7^;, to emphasize dependence on W. Note that 
7a; is a C-linear combination of E such that E '^CTZ Hence, if E, E' appear 
with ^ coefficient in then E ^cn E' . 

Proposition 20.17. If x e Wi, then 1^ =^wAl^')■ 
K^Q. equivalent statement is 

(a) \.Y{t^,Et,)= \'Aix.E'^)\E' -E] 

E';aE=a^, 

for any E e IrrW; in the sum we have E' e IrrW/. Clearly, we have 

(b) ^""tr(T„ E,) = Y ^""tr(T„ E'^)[E' : E]. 

E';E'€lrTWi 

In the right hand side we may assume that a^/ < a^. Using this and 20.6, we see 
that setting v = in (b) gives (a). The proposition is proved. 
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Lemma 20.18. (a) We have aggn — L{wo) . 

(b) We have /sgn^ = 1. 

(c) We have = sgn. 

sgn„ is the one dimensional Hc{v)-^odvL\e on which Tx acts as sgn(a;)i'~'^''^^. 
(This follows from 20.3.) From 20.6(b) we see that aggn = L{wo) and that 
tr(t^Q, sgnin) = 1. This proves (a). To prove (c) it remains to show that, if 
tr{t.ujQ, E^) {E simple) then E = sgn. This assumption shows, by 20.6(c), 
that E^ e IrrJc where c is the two-sided cell such that sgn^ e IrrJ^. Since 
tr(t^Q, sgn<||) = 1, we have wq G c. From 13.8 it follows that {wq} is a two-sided 
cell. Thus c = {wq} and is one dimensional. Hence it cannot have more than 
one simple module. Thus, E = sgn. This yields (c) and also (b). The lemma is 
proved. 

20.19. Assume that /, /' form a partition of S such that W — Wj x Wp. If 
E e IttWi and E' e IirWi' , then E^E' e IttW. From the definitions, 

^EME' = + ^E', f{E^E')^ = fs^fE'^- 

Moreover, if a; e Wi,x' e Wji, then 

IXX' IX ix' 

20.20. In the remainder of this section we assume that wq is in the centre of W. 
Then, for any E G IrrVF, wq acts on E as times identity where se = il- Now 
E seE extends to a C-linear involution ( : K{W) K{W). 

Lemma 20.21. Let E G IrrVF. For any x &W we have 

Since wq is in the centre of W, T^^,,, is in the centre of TCciv) hence it acts 
on Ey as a scalar A G C{v) times the identity. Now tr{Tj;,Ey) G C[z;,t;~-'^] and 
tr(T-^£;„) G C[v,v~'^]. In particular, A G C[v,v-^] and A"^ G C[v,v-'^]. This 
implies A = cv" where c G C. For v = 1, X becomes e^- Hence A = sev'^ for some 
n. We have 

tr(T„„^, E^) = ti{T^^T-}„E^) = Atr(T-\, E„) = Atr(T^,£;„). 

We have 

J2tr{T^ox, Ey)ir{Tx-i^,,E^) = A^ ^ tr(T^, Ey)ir{Tx-. , E^) 

X X 



hence /^^ dim(£') = A /e^ dim(£') so that /e^ = v /e^- By 20.9, we have 
^ tr(T„£;,)tr(r,-i,£;,) = J2 ^<Tx, El)tr{Tx-i , 4) 



X 

,2n - 



hence fE^ = Je'^- We see that Je^ = 'f^ /(Et)^- Comparing the lowest terms we 
see that —2aiE = 2n — 2ast hence n = — a^ + a£;t and that 
(a) fE^ = IeI- 
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Lemma 20.22. ^;^^tr(T^,^, E„) = es(-l)'(^)^;^sttr(T„ ^t). 

We combine 20.8, 20.21. 
Lemma 20.23. For any x eW we have ^xwo = ^&^{^)C{lx) sgn. 

An equivalent statement is 

tT{ta;wo,E^) = sgn(a;)tr(ta;, E]^)eEi 
for any E e IrrVF. Setting v = in the identity in 20.22 gives 

sgn(xwo)tT{t^uox, E^) = e£tr(t^,£'J^). 

It remains to show that e^t = e£;sgn(wo)- This is clear. 

20.24. By the Cayley-Hamilton theorem, any element r G J satisfies an equation 
of the form r"^ + air"~^ + ■ ■ ■ + — where e Z. (We use that the structure 
constants of J are integers.) This holds in particular for r = tx where x e W. 
Hence for any £ e Irr Jc, tT{tx, £) is an algebraic integer. If i? is a subfield of C 
such that the group algebra is split over R, then is split over R and it 

follows that for x,£ as above, tr(ta;,£^) is an algebraic integer in R. In particular, 
if we can take i? = Q, then iv(txi £) G Z. 



21. Study of a left cell 

21.1. In this section we preserve the setup of 20.1. Let F be a left cell of W,L. 
Let d be the unique element in Ffl "D. The ^-submodule Yly^v '^^y ^ 
regarded as an 7Y-module by the rule c| • cj^ = J2zer hx,y,zc\ with x e VF, y G W. 
By change of scalars {v ^ 1) this gives rise to an Tic = C[VF]-module [F]. On the 
other hand, = ®y^rCty is a left ideal in Jc by 14.2(P8). 

Lemma 21.2. The C-linear isomorphism ty i— > fiyC^y fory eT is an isomorphism 
of Jc -modules Jq — > [Tj^. 

We have F C Xa = {w & VF; a(a;) = a} for some a G N. The ^-submodule 
Yliy^Xa "^^y ^ ^® regarded as an 7Y-module by the rule 



zeXa 



h r-T 



with a; G W, y G W. By change of scalars {v i— > 1) this gives rise to an TCc = C[I^]- 
module [Xa]. On the other hand, J^" = ^y^Xa^ty is a left (even two-sided) ideal 
in Jc • The C-linear map in the lemma extends by the same formula to a C-linear 
isomorphism J^" ^ [^a]^- It is enough to show that this is Jc-linear. This 
follows from the computation in 18.10. The lemma is proved. 
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Lemma 21.3. Let £ e IrrJc- The C-linear map u : Homjj-, ( J^, — > t^S given 
by C ^ Ci'iT'dtd) is an isomorphism. 

u is well defined since ^{ndtd) — td^{td) G td^- We define a linear map in the 
opposite direction by e i— > [j i— > je]. It is clear that this is the inverse of u. (We 
use that jnatd = j for j e J^.) The lemma is proved. 

Proposition 21.4. We have 7^ = ndX^^f-B : [T]]E (sum over all E e IttW up 
to isomorphism). 

An equivalent statement is that tT{ndtd, E^) — [E : [F]], for E as above. By 
21.2, we have [E : [T]] = [E^ : J^]. Hence it remains to show that tr(ndtd, = 
[S : J^] for any £ G IrrJc- Since £ = ®d'eVnd'td'£ and Udtd : £ ^ £ is the 
projection to the summand ndtd£, we see that tr{ndtd,£) ~ dim(td^). It remains 
to show that dim{td£) = [£ ■ Jcl- This follows from 21.3. 

Proposition 21.5. [T]^ , [Ttuo] are isomorphic in ModW. 

We may identify [T]''' with the VF- module with C-basis {ey)y^r where s E S 
acts by Cy •— >• —Cy + ^^er hs,y,z^z- 

On the other hand we may identify [Fwo] with the VF-module with C-basis 
(eU«)yer where seS acts by e^^^, ^^ e'y^^ - ^^^p hs,ywo,zwoe'^wo- 

The VF-module dual to [F]^ has a C-basis {ey)y^r (dual to (e^)) in which the 
action of s e is given by e'y 1— > —e'y + J2zer hs,z,y&'z- We define a C-isomorphism 
between this last space and [Fiyo] by e'y 1— > sgrL{y)e'y^^ for all y. We show that this 
comutcs with the action of W . It suffices to show that for any s & S, we have 

(a) -hs,z,y = sgn{y)sgn{z)hs,ywo,zwo for all z y and 

(b) 1 — hs^y^y = —1 -l- hs^ywo^ywo for all y. 

We use 6.6. Assume first that sz > z. If sy > y and y ^ z, both sides of (a) are 
0. If sy < y < z then (a) follows from 11.6. li y = sz then both sides of (a) are 
— 1. If sy < y but y ^ z or y sz then both sides of (a) are 0. 

Assume next that sz < z. If z ^ y then both sides of (a) are 0. 

If sy > y, both sides of (b) are 1. If sy < y, both sides of (b) are —1. Thus 
(a),(b) are verified. Since [F]^ and its dual are isomorphic in ModVF (they are 
defined over Q), the lemma follows. 

Corollary 21.6. Let E e IrrVF and let c he the two-sided cell of W such that 
E^ e IrrJg. Then E^ e IrrJ^"'°. 

Replacing F by c in the definition of [F] we obtain a VF-module [c]. Then 21.2, 
21.5 hold with F replaced by c with the same proof. Our assumption implies 
(by 21.2 for c) that E appears in the H^-module [c]. Using 21.5 for c we deduce 
that appears in the 14^-module [cwq]. Using 21.2 for cwq, we deduce that El 
appears in the Jc-module . The corollary follows. 

Corollary 21.7. Let E, E' e IttW be such that E ^cn E' . Then E^ r^cn E'^ . 
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By assumption there exists a two-sided ceU c such that E^,E'^ e IrrJ^. By 
21.6, E^, E'l^ e lrrJ^'"°. The corollary follows. 

21.8. The results of §19 are applicable to A, the C-subspace J^^^ of Jc spanned 
by r n and R — C. This is a C-subalgebra of Jc with unit element natd- 
In 21.9 we will show that Jq^^ is semisimple. It is then clearly split. We take 

T : Jc^^ — > C so that T{tx) = ndSx,d- (This is the restriction of r : Jc — > C.) 
We have {tx, ty) = 5xy,i- The bases {tx) and {tx-i) (where x runs through mr"-*^) 
are dual with respect to (, ). 

21.9. We show that the C-algebra Jc'^^ ^ is semisimple. It is enough to prove 
the analogous statement for the Q-algebra A' , the Q-span of F n F~^ in Jq. We 
define a Q-bilinear pairing (|) : A' x A' — > Q by {tx\ty) = S^^y for x, y G F n F"-*^. 
Let j I— > j be the Q-linear map A' A' given hy ix = tx-i for all x. We show 
that 

(a) Ul32\j3) = ij2\jlj3) 

for all j 1, 32,33 in our ring. We may assume that ji = tx,j2 = ty,j3 = tg. Then 
(a) follows from 

Now let / be a left ideal of A' . Let = {a E A' ; {a\I) = 0} . Since (|) is positive 
definite, we have A' = I (B I-^ . From (c) we see that is a left ideal. This proves 
that A' is semisimple. 

The same proof could be used to show directly that Jc is semisimple. 

Proposition 21.10. Let E,E' e IrrM^, N = Y^xemr-^ ^^i^x, E4f,)tr{tx-i, E'^). 
Then N = /g^ [E : [F]] if E, E' are isomorphic and N = 0, otherwise. 

If S E IrrJc, then td£ is either or in Irr J^^^ . Moreover, S t-^ td£ defines a 
bijection between the set of simple Jc-modules (up to isomorphism) which appear 
in the Jc-module J^ and the set of simple Jc^^ -modules (up to isomorphism) . 
We then have diin{tdS) — [S : J^]. For j e Jc*""" ^ we have tr(j, £) = ti{j,tdS). 
If tdE^ = or tdE'^ = 0, then N = and the result is clear. If tdE^ ^ and 
t^E^lk 7^ then, by 19.2(e), we see that N — ftaE^ [E^ : J^] if E, E' are isomorphic 
and to 0, otherwise. It remains to show that ft^E^ = /b^? [E : [F]] = [E^ : J^] 
and the analogous equalities for E'. Now /t^E^ = /e^ follows from 19.4 applied 

to {A', A) = {Jg^^~\jc); the equality [E : [F]] = [E^ : j£] follows from 21.2. 
The proposition is proved. 

22. CONSTRUCTIBLE REPRESENTATIONS 

22.1. In this section we preserve the setup of 20.1. 
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We define a class Con(VF) of 1^-modules (relative to our fixed L : W ^ N) 
by induction on Jt/S. If Jj/S = so that W = {1}, Con{W) consists of the unit 
representation. Assume now that > 0. Then Coia.(W) consists of the W- 
modules of the form or sgn for various subsets / C I S 

and various E' e Con(M^/). (If we restrict ourselves to / such that ^{S — I) = 1 
we get the same class of VF-modules, by the transitivity of truncated induction.) 
The VF-modules in Con{W) are said to be the constructible representations of W. 

Now the unit representation of W is constructible (it is obtained by truncated 
induction from the unit representation of the subgroup with one element). Hence 
sgn e Con(iy). 

Lemma 22.2. If E e Con(W^), then there exists a left cell T of W such that 

E = n 

We argue by induction on '^S. If Jj/S = the result is obvious. Assume now that 
> 0. Let E e Con(Vr). 

Case 1. E=j^^{E') where I G S, I S and E' e Con{Wi). By the induction 
hypothesis there exists a left cell F' of Wj such that E' = [F']. Let deV'nV. By 
21 A we have -fj' = [V] = E' . By 20.17 we have £; = j^^(E') =]'^^{ij') = ij. 
Let F be the left cell of W that contains d. By 21.4 we have 7^ = [F]. Hence 

E^n 

Case 2. E = ^^^{E') ® sgn where I d S, I ^ S and E' e Con(M^/). Then by 
Case 1, £■ ® sgn = [F] for some left cell F of W . By 21.5 we have E — [Fwq]- The 
lemma is proved. 

Proposition 22.3. For any E e Irrl4^ there exists a constructible representation 
ofW which contains a simple component isomorphic to E. 

The general case can be easily reduced to the case where W is irreducible. 
Assume now that W is irreducible, li L — al for some a > 0, the constructible 
representations of W are listed in [L7] and the proposition is easily checked. (See 
also the discussion of types A, D in 22.5, 22.26.) In the cases where W is irreducible 
but L is not of the form a/, the constructible representations are described later 
in this section and this yields the proposition in all cases. 

22.4. Let W = &n be the group of permutations of 1, 2, . . . , n. We regard W as 
a Coxeter group with generators 

si = (1, 2), S2 = (2, 3), . . . , Sn-i = (n - 1, n), 

(transpositions). We take L = al where a > 0. 

The simple VF-modules (up to isomorphism) arc in 1-1 correspondence with the 
partitions a = (cti > a2 > • • • ) such that = for large and J2i '^i = ^- The 
correspondence (denoted by o; 1— > tt^) is defined as follows. Let a be as above, let 
{a'l > a2 > . . .) he the partition dual to a. Let tTq, be the simple VF-module whose 
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restriction to ©qi x '3a2 • • • contains 1 and whose restriction to x • • • 
contains the sign representation. We have (a consequence of results of Steinberg): 

f{Tra)v = v~ + strictly higher powers of v. 

It follows that 

(a) = and = 1. 

Lemma 22.5. In the setup of 22.4, W -module is constructible if and only if it 
is simple. 

For any sequence /? = /?2, • • • ) in N such that Pn = for large N and 
J2i Pi = we set 

1/3 = {si;i e [l,n - l],i^ Pi,i ^ Pi + P2, ■ ■ ■}■ 

From 22.4(a) we see easily that, if P is the same as a' up to order, then 
(a) jw,^(sgn) =7ra. 

Since the sgn G Con(VF/^), it follows that tTq, G Coii{W). Thus any simple W- 
module is constructible. 

We now show that any constructible representation EofW — &n is simple. We 
may assume that n > 1 and that the analogous result is true for any Wi> 7^ W. We 
may assume that E = }iwi^ (^) where P is as above, W/^ ^ W and C G Con(W/^). 
By the induction hypothesis, C is simple. Since the analogue of (a) holds for W/^ 
(instead of W) we have C = jy^^J^ (sgn) for some P' such that Wj^, C W/^. By the 
transitivity of truncated induction we have E = (sgn). Hence, by (a), for P' 
instead of E is simple. The lemma is proved. 

22.6. We now develop some combinatorics which is useful for the verification of 
22.3 for W of classical type. 

Let a > 0, 6 > be integers. We can write uniquely b = ar + b' where r, 6' G N 
and b' < a. Let iV G N. Let M^,, be the set of multisets Z = {zi < Z2 < ■ ■ ■ < 
Z2N+r} of integers > such that 

(a) if b' = 0, there are at least N + r distinct entries in Z, no entry is repeated 
more than twice and all entries of Z are divisible by a; 

(b) if b' > 0, all inequalities in Z are strict and N entries of Z are divisible by 
a and N + r entries of Z are equal to b' modulo a. 

The entries which appear in Z exactly once are called the singles of Z; they form 
a set Z. The other entries of Z are called the doubles of Z. 
For example, the multiset Z^ whose entries are (up to order) 



0, a,2a,...,{N - l)a, b', a + b' ,2a + b' , . . . , {N + r - l)a + b' 
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belongs to M.^^. Clearly, the sum of entries of Z minus the sum of entries of Z° 
is > and divisible by a, hence it is equal to an for a well defined n e N said to 
be the rank of Z. We have 

y Zk = an + aN^ + N{b - a) + ai j + b'r. 
k=i ^ ^ 

Note that Z^ has rank 0. Let M.^^.^ be the set of multisets of rank n in M-^b- 
We define an (injective) map M^j^ -^at^ 

{Zi < Z2 < ■■■ < Z2N+r} ^ {0, b' , Zi + a < Z2 + a < ■ ■ ■ < Z2N+r + «}• 

This restricts for any n e N to an (injective) map 

It is easy to see that, for fixed n, tt(Al^(,.„) is bounded as A?" — > oo, hence the 
maps (c) are bijections for large N. Let Ma,b;n be the inductive limit of M.^^.^ 
as N ^ 00 (with respect to the maps (c)). 

22.7. Let Sy^j,.^ be the set consisting of all tableaux (or symbols) 

Ai, A2, . . . , Xn+v 

(a) III, 112, ■ ■ ■ , I^N 

where Ai < A2 < • • • < ^N+r cire integers > 0, congruent to b' modulo a, 
jii, II2, ■ ■ ■ , fJ-N are integers > 0, divisible by a and 

^Xi + ^Hj = an + aN'^ + N{b - a) + a f M + b'r. 

i 3 ^ ^ 

If we arrange the entries of A in a single row, we obtain a multiset Z e Al^b-n- 
This defines a (surjective) map ttn '■ ^Yab-n ~^ -^ab n- define an (injective) 
map 

(b) Sy^,^, Sy^g 
by associating to (a) the symbol 

b', Ai + a, A2 + a, . . . , Ajv+r + 

0, III + a, 112 + a, . . . , /In + a. 

This is compatible with the map M^b — ^ -^at^ 22.Q (via tttv, tttv+i)- 

Since for fixed n, |l(Sy^^.^) is bounded as ^ 00, the maps (b) are bijections 
for large A^. Let Sya,6;n be the inductive limit of Sy^^.^ as — > cxd (with respect 
to the maps (b)). 
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22.8. Let Z = {^i < ^2 < ■ ■ ■ < Z2N^r] ^ -^ab-n- ^ integer which is 
large enough so that the multiset 

(a) {at + b' — zi, at + b' — Z2, ■ ■ ■ , at + b' — Z2N+r} 
is contained in the multiset 

(b) {0, a, 2a, ... , ta, b', a + b' ,2a + b' , . . . ,ta + b'} _ 

and let Z be the complement of (a) in (b). Then Z G A^^V" ~^ ■ '^^^ sum of 
entries of Z is 

J2 C^ka + b') - {at + b'){2N + r) + J2^h 

k£[0,t] h 

= at{t + l) + {t+ 1)6' - {at + b'){2N + r) + an + aN^ + iV(6 - a) + a Q + b'r 
= an + a{t+l-N -rf + {t+l-N -r){h-a)+a{^^+ b'r. 

Thus, Z has rank n. 

We define a bijection 'k^^{Z) ^ T^f^i_j^_j.{Z) by A i— > A where A is as in 
22.7(a) and A is 

{6', a + 6', 2a + 6', 3a + 6', . . . , ta + 6'} — {at + 6' — /Ui, at + 6' — (U2, . . . , at + 6' — //at} 
{0, a, 2a, 3a, . . . , ta} — {at + b' — Xi, at + b' — A2, . . . , at + 6' — Xn+v}- 

22.9. Let Wn be the group of permutations of 1, 2, . . . , n, n', . . . , 2', 1' which 
commute with the involution i ^ i',i' ^ i. We regard Wn as a Coxeter group 
with generators Si, S2, • • . , s„ given as products of transpositions by 

si = (1, 2)(1', 2'), S2 = (2, 3)(2', 3'), . . . , = (n - 1, n)((n - 1)', n'), 
Sn = (n,n'). 

22.10. A permutation in W defines a permutation of the n element set consisting 
of the pairs (1, 1'), (2, 2'), . . . , (n, n'). Thus we have a natural homomorphism of 
Wn onto &n, the symmetric group in n letters. Define a homomorphism Xn '■ 
Wn ^ ±1 by 

Xn(c) = 1 if {o'{l), c(2), . . . , cr(n)} fl {!', 2', . • • 5 't-'} has even cardinal, 

Xn(c) = —1, otherwise. 
The simple VF- modules (up to isomorphism) are in 1-1 correspondence with the 
ordered pairs a,P where a = (cti > 02 > •••) and P — {Pi > P2 > •••) are 
partitions such that ajv = Pn = for large N and ai + Pj = n. The 
correspondence (denoted by a, P 1-^ E'^'^) is defined as follows. Let a, P be as 
above, let {a'^ > 02 > . . . ) be the partition dual to a and let {P'^ > P'2 > • • • ) 
be the partition dual to p. Let k = J2i '^ii ^ = 0j- Let tTq be the simple &k- 
module defined as in 22.4 and let tt^ be the analogously defined simple ©^-module. 
We regard 7ra,7r/3 as simple modules of W^, Wi via the natural homomorphisms 
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Wk &k,Wi — > &i as above. We identify x Wi with the subgroup of W 
consisting of all permutations in W which map 1,2, ... ,k,k' , ... , 2', 1' into itself 
hence also map k + 1, k + 2, . . . ,n,n' , . . . , {k + 2)', {k + 1)' into itself. Consider 
the representation tTq ® {np ® Xi) of Wk x Wi. We induce it to W; the resulting 
representation of W is irreducible; we denote it by E'^'f^. 
We fix a > 0, 6 > and we write b = ar + b' as in 22.6. 

Let a,P be as in 22.10. Let N be an integer such that ajv+r+i = 0, /3jv+i = 0. 
(Any large enough integer satisfies these conditions.) We set 

Xi = a{aN+r-z+i+i-l)+b', {i G [l,N+r]), i^j = a(/3jv-j+i+i-l), (i e 

We have < Ai < A2 < ■ ■ ■ < ^N+n < fXi < H2 < ■ ■ ■ < fJ-N- Let A denote 
the tableau 22.7(a). It is easy to see that A G Sy^^.^. Moreover, if is replaced 

by A + 1, then A is replaced by its image under Sy^^.^ — ^ ^Jatn (^^^ 22.7). Let 
[A] = Note that [A] depends only on the image of A under the canonical 

map Sy^^.^ Sya,b;n- In this way, we see that 

the simple W -modules are naturally in bijection with the set Sya,b;n- 
For i G [1, N] we have a{aN-iJ^i + i — l)+b = a{aN+r-i-r+i + i+'i^ — i) + b' — Xi+r- 

If N is large we have Aj = a{i — 1) + b' for i G [l,r] and fij = a{j — 1) for 
j G [l,r]. 

22.11. Let q,y be indeterminates. With the notation in 22.15, let 



qOti+a'^-i-j+l _ 2 



q-1 



both products are taken over alH > 1, j > 1 such that ai > j, a'j > i. 

Define a weight function L : W — > N by L{si) = L{s2) = • • • = L{sn-i) = o, 
L{sn) — b. We now assume that both a, b are > 0. We also assume that a, b are 
such that W. L satisfies the assumptions of 18.1. Then / p,a,/3 is defined in terms of 
this L. 

Lemma 22.12 (Hoefsmit [H]). We have 

We will rewrite the expression above using the following result. 
Lemma 22.13. Let N be a large integer. We have 



^l<i<j<N 



Ha{q) = g^^eii.iv-i] (i) lii=ilife€[i,«iv-i+i+i-i] q-1 



g"JV-j + l+i-l_g«Ar-i + l+i-l ' 
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^ uti nfe6[i,«^-.+i+»-i](9N + 1) nf=i Uhe[i,f3r,-,+,+j-i](<i''y~' + 1) 

The proof is by induction on n. We omit it. 

Proposition 22.14. (a) If b' = then /[a]<„ is equal to 2^ where 2d + r is the 
number of singles in A. If b' > then /[a]^ = 1- 
(b) We have ajA] = — where 

An = ^ mm{Xi,iij)+ ^ min(Ai, Aj) + ^ min(/Xj, //j), 

ie[l,Ar+r]je[l,iV] l<i<j<Ar+r l<i<j<N 

Bn= min(a(z - 1) + 6', a(j - 1)) 

ie[i,]v+r],ie[i,iv] 

+ ^ min(a(z - 1) + 6', a{j - 1) + 6') + ^ min(a(z - 1), a(j - 1)). 

l<i<j<iV+r 'i-<i<j<N 

It is enough to prove (a) assuming that AT is large. Since 

AN+i-AN = a{N + r)N + a{\+a{ ^ \ +b' N + b' {N + r) = Bn+i - Bn, 

we have Ajv+i — -Bat+i = An — B^ hence it is enough to prove (b) assuming that 
N is large. In the remainder of the proof we assume that N is large. 

For /, /' e C(^;) we write / ^ /' if f = fg with g e C(^), ^|,=o = 1- Using 
22.12, 22.13, we see that 

/[^j^^ \[ (^;2«-2'' + l)(^;4a-26^;L)...(^;2^*-2'' + l) 

^^2A,+,-26 _ ^2Ai+,-26^-l J-l- (^2^,- _ ^2/Ui 
^<'i<j<N l<i<j<N 

hence 

/[A]„ = 2^v~^ + strictly higher powers of v 
where d = if 6' > 0, 

cZ = e [1, iV] : 6 < fij) - ^(i, j e [1, N] : Ai+, = 
= iV-rt(iG [l,r],j e [1,A^] : (i - l)a = tt(^, J e [1, iV] : A,+, = 

= iV- «(z e [l,r],i G [1, A^] : A, = - ^{ij e [1,N] : A,+, = /i,-) 
= N-^{ie[l,N + r],je [1, iV] : A, = = singles - r)/2. 
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if b' = 0, 



-K = -bN + 2a J2 (2^^-^)+ (2o/^ - 26) 

ie[i,N-i] je[i,iv]fce[i,r] 

ak<ij,j 

- Yj (-6 + 2min(Aj+r,/ij)) - ^ {-2b + 2min{Xi+r, ^j+r)) 

i,je[i,N] i<i<j<N 

- ^ 2 min{fXi,i^j) = -bN + 2a ^ {2f - i) + 2bN'^ - bN 

l<i<j<N jg[l^Ar-i] 

+ J2 Y (2aA;-26)- J] 2mm{Xi+r, l^j) 

je[l,N] ke[l,r],ak<t^j i,3e[l,N] 

- Y 2mm{Xi+r,Xj+r) - ^ 2 min(//j, //j) 

^<i<j<N l<i<j<N 

= (2a/c — 26) — 2 min(Ai+r, //j) 

ie[l,Ar] fce[l,r],afc<Mj ije[i,A^] 

- Y 2min(Aj+^, Aj+r) - 2 min(//j, //j) + *. 

l<^<J<^^ l<i<j<Af 

(We will generally write * for an expression which depends only on a, b, N.) We 
have 

Y (2ofc - 26) = Y - 26) + Y - 26) 

je[l,N] je[l,r] je[r+l,N] 

ke[l,r] ke[l,r] ke[l,r] 

ak<ixj ak<fxj ak<iij 

= Y - 26) + Y - 26) = * 

J6[l,r] je[r+l,N] 

ke[l,r] k€[l,r] 
ak<a{j — l) 

hence 
-K 

= -2( Y min(Ai+r,//j) - ^ Toa.m{Xi+r, Xj+r) - Y ^Ml^i^ H)) 

i,je[l,N] l<i<j<N l<i<j<N 

+* 

We have 

min(Aj, nj) = min(a(i — 1) + 6', //j) 

ie[i,r],ie[i,Af] ie[i,r],je[i,Ar] 

= min(a(i — 1) + 6', a(j — 1)) + min(a(i — 1) + 6', //j) 

ie[i,r-],je[i,r-] ie[i,r],je[r+i,N] 

Y min(a(i-l) + 6',a(j-l))+ ^ (a(i - 1) + 6') = *, 

iell,r],je[l,r] ie[l,r],je[r+l,N] 



HECKE ALGEBRAS WITH UNEQUAL PARAMETERS 



93 



hence 

min(Ai+r, A*j) = ^ min(Ai, //j) + *. 

i,je[i,N] ig[i,jv+r],je[i,iv] 

We have 

min(Ai, Aj) = ^ min(Ai+r, Aj+^) + ^ Xi{N + r - i) 

l<i<j<N+r l<i<j<N 

= J2 min(Ai+^,Aj+^)+ J] (a(i-l)+6')(^ + ^-^) 

i<i<j<N ie[l,r] 

= ^ min(Ai+r, Aj+r) + *• 
i<i<j<Ar 

We see that 

(c) -K = -2An + '^. 

In the special case where a — (3 = {0 > > . . .) we have K = 0. On the other 
hand, by (c), we have = —2Sjv + * where *is as in (c). Hence in general we have 
—K = —2An + 2Bn- This proves the proposition, in view of 20.11 and 20.21(a). 

22.15. We identify &k xWi {k + l = n) with the subgroup of W consisting of all 
permutations in W which map {1,2,..., k} into itself (hence also map {1,2,..., k'} 
and {/c + 1, . . . , n, n' . . . , (A; + 1)'} into themselves. This is a standard parabolic 
subgroup of W. We consider an irreducible representation of &k x Wi of the form 
sgufe Kl [A'] where sgn/c is the sign representation of &k and A' e Sy^^.^. We may 
assume that A' has at least k entries. We want to associate to A' a symbol in 
^yab-n by increasing each of the k largest entries in A' by a. It may happen that 
the set of r largest entries of A' is not uniquely defined but there are two choices 
for it. (This can only happen if 6' = 0.) Then the same procedure gives rise to 
two distinct symbols A''^, A-'^''^ in Sy^^.^. 

Lemma 22.16. (a) 5'(sgnfc(g)[A'])^ = ^[A']* is equal to g[A]^ or to ^[a/]^ + g[j^ii]^. 

(b) asgnfc(g)[A'] = 0(2) + a[A'] is equal to a[A] or to afA^] = a[A//]. 

A, if defined, has the same number of singles as A'. Moreover, A^ (and A"^"^), if 
defined, has one more single than A'. Hence (a) follows from 22.14(a) using 20.18, 
20.19. 

By 22.14(b), the difference a^Aj — a[A] (where A is either A or A^ or A^^) is a 

times the number of i < j in [l,k]. Thus, it is a{^). Hence (a) follows from 20.18, 
20.19. The lemma is proved. 

Lemma 22.17. jelxVK,(sgnfc ® [A']) equals [A] or [A^] + [A^^]. 

By a direct computation (involving representations of symmetric groups) we 
see that: 
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(a) if A is defined then [[A'] : [A]] > 1; 

(b) if A^ A^^ are defined then [[A'] : [A^]] > 1 and [[A'] : [A^^]] > 1. 
In the setup of (a) we have (by 20.14(b)): 

^[A']* = T,E;eLE=eLE,li^'] " ^]^^* ^^^^^ ^^^^S 22.16(a) we have 

(c) 9iAU^ Yl W--E]9E^. 

E\SLE=a.E' 

By 22.16(b), E = [A] enters in the last sum and its contribution is > 5'[a]^; the 
contribution of the other £' is > (see 20.13(b)). Hence (c) forces [[A'] : [A]] = 1 
and [[A'] : i?] = for all other E in the sum. In this case the lemma follows. 

In the setup of (b) we have (by 20.14(b)) ^[a,^ = Y.e-.e=^J^^'] ■ E]9e^ 
hence, by 22.16(a), 

(d) ^[A^]*+^[A"]^= Yl ii^'] ■E]9E^- 

E;aE=aE' 

By 22.16(b), E = [A^] and E = [A^^] enter in the last sum and their contribution 
is > 9[A^^ + 9[Ai^^': the contribution of the other £■ is > (see 20.13(b)). Hence 
(d) forces [[A'] : [A^]] = [[A'] : [A^^]] = 1 and [[A'] : E] = for aU other E in the 
sum. The lemma follows. 

Lemma 22.18. [A] (g) sgn = [A]. (Notation of 22.14.) 

This can be reduced to a known statement about the symmetric group. We 
omit the details. 

22.19. Let Z be a totally ordered finite set < ^2 < • • • < -^m- For any r G [0, M] 
such that r = M mod 2 let be the set of subsets of Z of cardinal (M — r)/2. 
An involution i : Z — > Z is said to be r-admissible if the following hold: 

(a) i has exactly r fixed points; 

(b) if M = r, there is no further condition; if M > r, there exist two consecutive 
elements z, z' of Z such that i{z) = z' , l{z') = z and the induced involution of 
Z — {z, z'} is r-admissible. 

Let InVr{Z) be the set of r-admissible involutions of Z. To t e InVr{Z) we associate 
a subset of as follows: a subset Y G Z is in S,^ if it contains exactly one 
element in each non-trivial t-orbit. Clearly, tt(5,) = 2^° where po = (M — r)/2. 
(In fact, is naturally an affine space over the field F2.) 

Lemma 22.20. Assume that po > 0. Let Y G Z^. 

(a) We can find two consecutive elements z,z' of Z such that exactly one of 
z, z' is in Y. 

(h) There exists t G Invr(Z) such that Y & S^. 
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(c) Assume that for some k e [O,po~l]? -^i: ^2, • • • , ^fc belong to Y hut Zk^i ^ Y. 
Let I be the smallest number such that I > k and zi &Y. There exists l G InVriZ) 
such that Y & Si, and l{zi) = zi-i. 

We prove (a). Let Zk be the smallest element of y. If A; > 1 then we can 

take (2, z') = {zk-i, z^)- Hence we may assume that Zi G Y. Let Zk' be the next 
smallest element of Y. If k' > 2 then we can take {z, z') = {zk'-i, Zk')- Continuing 
like this we see that we may assume that Y — {zi^ Z2, ■ ■ ■ , Zp^}. Since po < M, we 
may take {z, z') = (zp^, Zp,,+i). 

We prove (b). Let z,z' be as in (a). Let Z' = Z — {z,z'} with the induced 
order. Let Y' = Y (1 Z' . If po ^ 2 then by induction on pq we may assume that 
there exists l' G InvriZ') such that Y' G 5^'. Extend l' to an involution t of Z by 
z ^ z' , z' I— > z. Then i G InVr(^) and Y G 5^. If pq — 1, define t : Z — > Z so that 
z^ z\z' ^ z and t = 1 on Z — {2;, 2;'}. Then i G Invr(^) and Y G S,^. 

We prove (c). We have / > /c + 2. Hence zi-\ ^ Y . Let {z,z') = {zi-i,zi). 
We continue as in the proof of (b), except that instead of invoking an induction 
hypothesis, we invoke (b) itself. 

22.21. Assume that M > r. We consider the graph whose set of vertices is 
and in which two vertices Y ^Y' are joined if there exists i G InVr(Z) such that 

y G5„r g5,. 

Lemma 22.22. This graph is connected. 

We show that any vertex Y = {zi-^, Zi^, ■ ■ ■ , Zi^^^} is in the same connected 
component as Yq — {zi, 22, ... , Zp^}. We argue by induction on my = ii + i2 + 
■ ■ ■ + ipQ. If ruY = 1 + 2 + • • • + Po then y = yo and there is nothing to prove. 

Assume now that m > 1 + 2+ hpo so that Y ^Yq. Then the assumption of 

Lemma 22.20(c) is satisfied. Hence we can find / such that zi G Y,zi-i ^ Y and 
i G liWr{Z) such that Y e S, and l{zi) zi-i. Let Y' = [Y - {zi})U{zi-i}. Then 
Y' G hence Y, Y' are joined in our graph. We have my — Tny — 1 hence by the 
induction hypothesis y',yo are in the same connected component. It follows that 
y, yo are in the same connected component. The lemma is proved. 

22.23. Assume that b' = 0. Let Z G M^^^.^. Let Z be the set of singles of Z. 
Each set Y e Z^^ gives rise to a symbol Ay in TrJf^{Z): the first row of Ay consists 
oi Z — Y and one element in each double of Z; the second row consists of Y and 
one element in each double of Z. For any t G InVr{Z) we set 

c{Z, l) = ®yes, [Ay] G ModW. 

Proposition 22.24. (a) In the setup of 22.23, let l G InVr(Z). Then c{Z,l) G 
Con(M^). 

(b) All constructible representations ofW are obtained as in (a). 

We prove (a) by induction on n. If n = the result is clear. Assume that n > 1. 
We may assume that is not a double of Z. Let at be the largest entry of Z. 
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(A) Assume that there exists i,0 < i < t, such that ai does not appear in Z. 
Then Z is obtained from Z' e J^ab-n-k with n — k < n hy increasing each of 
the k largest entries by a and this set of largest entries is unambiguously defined. 
The set Z' of singles of Z' is naturally in order preserving bijection with Z . Let 
i' correspond to i under this bijection. By the induction hypothesis, c{Z',l') G 
Coii{Wn-k)- Since, by 22.5, the sign representation sgn/- of &k is constructible, it 
follows that sgufe Kl c{Z', t') e Con(6fe x Wn-k)- Using 22.17, we have 

je.xiy„_.(sgnfcKc(Z',0) = c(Z,.) 

hence c{Z,l) e Con{W). 

(B) Assume that there exists i,0 < i < t such that ai is a double of Z. Let Z be 

as in 22.8 (with respect to our t). Then is not a double of Z and the largest entry 

of Z is at. Let Z be the set of singles of Z. We have Z = {at — z]z E Z}. Thus 
Z, Z are naturally in (order reversing) bijection under j i— > at—j. Let l' G Inv^(Z) 

correspond to l under this bijection. Since at — ai does not appear in Z, (A) is 
applicable to Z. Hence c{Z, l') e Con(l^). By 22.18 we have c{Z, i')(g)sgn = c{Z, t) 
hence c{Z,l) G Con(W^). 

(C) Assume that we are not in case (A) and not in case (B). Then Z = 
{0,a,2a, . . . ,ta} — Z. We can find ia, {i + l)a in Z such that l interchanges 
ia, (i + l)a and induces on Z — {ia, {i + l)a} an r-admissible involution ti. We 
have 

Z' = {0, a, 2a, ... , ia, ia, {i + l)a, {i + 2)a, ...,{t- l)a] e Ma,b;n-k 

with n — k < n. The set of singles of Z' is 

Z' = {0, a,2a,...,{i- l)a, {i + l)a, ...,{t- l)a}. 

It is in natural (order preserving) bijection with Z — {ia, {i + l)a}. Hence li induces 
l' e InVr{Z'). By the induction hypothesis we have c{Z', t') e Coii{Wn-k)- Hence 
sgufc Kl c{Z',l') e Con{&k x Wn-k) where sgn^ is as in (A). By 22.17 we have 

je.xiy„_.(sgnfcKc(Z',O)=c(Z,0 

hence c{Z,l) G Con(VF). This proves (a). 

We prove (b) by induction on n. If n = the result is clear. Assume now 
that n > 1. By an argument like the ones used in (B) we see that the class of 
representations of W obtained in (a) is closed under ®sgn. Therefore, to show 
that C G Con(VF) is obtained in (a), we may assume that C = jelx VK„_fc (^') 
some /c > and some C G Con(6fc x Wn-k)- By 22.5 we have C" = E K C" 
where £^ is a simple ©^-module and C" G Coii{Wn-k)- Using 22.5(a) we have 



HECKE ALGEBRAS WITH UNEQUAL PARAMETERS 



97 



= Je / xe // i^S^ ^ where k' + k" = k,k' > and E' is a simple ©^''-module. 

Let C = 3e:r^^„jE' ® C") G Con(iy_,0- Then C = jg;,xVK„_„ (^gn.' ® C'). 
By the induction hypothesis, C is of the form described in (a). Using an argument 
as in (A) or (C) we deduce that C is of the form described in (a). The proposition 
is proved. 

Proposition 22.25. Assume that b' > 0. 

(a) Let E e IttW. Then E e Con(M^). 

(b) All constructible representations ofW are obtained as in (a). 

We prove (a). We may assume that E = [A] where A e Sy^^.„ does not contain 
both and b'. We argue by induction on n. If n = the result is clear. Assume 
now that n >1. 

(A) Assume that either (1) there exist two entries z, z' of A such that z' —z > a 
and there is no entry z" of A such that z < z" < z' , or (2) there exists an 
entry z' of A such that z' > a and there is no entry z" of A such that z" < 
z'. Let A' be the symbol obtained from A by substracting a from each entry 
5 of A such that z > z' and leaving the other entries of A unchanged. Then 
A' G Sy^^.^_j^ with n — k < n. By the induction hypothesis, [A'] G Con{Wn-k)- 
Since, by 22.5, the sign representation sgn^ of is constructible, it follows that 
sgufe M [A'] G Con(6fc x W^-k)- Using 22.17, we have jg'^^^^^ (sgn^ M [A']) = [A] 
hence [A] G Con(W^). 

(B) Assume that there exist two entries z, z' of A such that < z' — z < a. Let 
t be the smallest integer such that at + b' > Xi for alH G [1, A?" + r] and at > nj 
for aU j G [1, N]. Let A G Sy^+^^;^^"'' be as in 22.8 with respect to this t. Then A 
does not contain both and b' . Now (A) is applicable to A. Hence [A] G Con(W^). 
By 22.18 we have [A] O sgn = [A] hence [A] G Con(Vr). 

(C) Assume that we are not in case (A) and not in case (B). Then the entries 
of A are either 0, a, 2a, ... , ta or b', a + b' ,2a + b' , . . . ,ta + b'. This cannot happen 
for n > 1. This proves (a). 

The proof of (b) is entirely similar to that of 22.24(b). The proposition is 
proved. 

22.26. We now assume that n > 2 and that W = is the kernel of Xn '■ Wn — > 
±1 in 22.10. We regard VF^ as a Coxeter group with generators si, S2, ■ ■ • , Sn-i as 
in 22.9 and = (n— 1, n')((n— 1)', n) (product of transpositions). Let L : W' —>■ N 
be the weight function given by L{w) — al{w) for all w. Here a > 0. 

For A G Sy^Q we denote by A*'' the symbol whose first (resp. second) row is 
the second (resp. first) row of A. We then have A*^ G Sy^g- Prom the definitions 
we see that the simple W„-modules [A], [A*'~] have the same restriction to W'; 
this restriction is a simple VF'-module [A] if A 7^ A*'" and is a direct sum of two 
non-isomorphic simple M^'-modules [^A],[^^A] if A = A*''. In this way we see that 

the simple W -modules are naturally in bisection with the set of orbits of the 
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involution of Sja,o-n induced by A*'^ except that each fixed point of this invo- 
lution corresponds to two simple W' -modules. 

Let Z e M^Q.^. Let Z be the set of singles of Z. Assume first that Z ^ $. 
Each set Y E Z_q gives rise to a symbol Ay in Sy^o;n- the first row of Ay consists 
of Z — y and one clement in each double of Z; the second row consists of Y and 
one element in each double of Z. For any l e Invo(^) we define c{Z, l) e ModVF 

by 

c{Z , i) ® c{Z , l) = 

[Ay] e Modw: 

Note that Y and Z — Y have the same contribution to the sum. A proof entirely 
similar to that of 22.24 shows that c(Z, i) e Con{W). Moreover, if Z = and A = 
e Sy^i.^ is defined by 7riv(A) = Z, then [-^A] e Con(W^) and [-^^A] e Con(W^). 
All constructible representations of W are obtained in this way. 

22.27. Assume that W is of type F4 and that the values of L : — > N on 5' are 
a, a, b, b where a > 6 > 0. 

Case 1. Assume that a — 2b. There are four simple VF-modules pi, p2, ps, P9 
(subscript equals dimension) with a = Sb. Then 

Pi ® P2, Pi ® P8, P2 ® P9, P8 ® P9 e Con(Vr). 

(They are obtained by j from the Wj of type with parameters a, 6, b.) 
The simple VF-modules p\, p\, p\-,p\ have a = 156 and 

p\ ® p\ ® p\ ® pL Ps ® P9 e Con(W^). 

There are five simple VF-modules Pi2i P1&1 Pe-, p'q-, P'l (subscript equals dimension) 
with a = 76. Then 

P4 © P16, P12 © P16 © P6, P12 © P16 © Pe e Con(Vl^). 

All 12 simple T4^-modules other than the 13 listed above, are constructible. All 
constructible representations of W are thus obtained. 

Case 2. Assume that a ^ {6,26}. The simple VF-modules P12, P16: Pe, Pe; P4 
Case 1 now have a = 3o + 6 and 

P4 © P16, P12 © P16 © P6, P12 © P16 © Pe e Con(W^). 

All 20 simple VF-modules other than the 5 listed above, are constructible. All 
constructible representations of W are thus obtained. 

22.28. Assume that W is of type G2 and that the values of L : ^ N on S' 
are o, 6 where a > 6 > 0. Let p2, p'2 be the two 2-dimensional simple VF-modules. 
They have a = a and p2 © p'2 is constructible. All 4 simple VF-modules other than 
the 2 listed above, are constructible. All constructible representations of W are 
thus obtained. 
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22.29. Let L be the set of all weight functions L:W such that L(s) > 

for all s e 5. We assume that PI - P15 in §14 hold for any L e £. For L, L' e £ 
we write L ~ L' if the constructible representations of W with respect to L are 
the same as those with respect to V . This is an equivalence relation on C. From 
the results in this section we see that any equivalence class for ~ contains some L 
which is attached to some (G, F, P, E) as in 0.3. 

We expect that the constructible representations of W are exactly the represen- 
tations of W carried by the left cells of W (for fixed L e £). (For L = I this holds 
by [L7]. For W of type F4 and general L this holds by [G].) This would imply 
that for L, L' E C we have L ~ L' if and only if the representations of W carried 
by the left cells of W with respect to L are the same as those with respect to L'. 

23. Two-sided cells 

23.1. We define a graph Qw as follows. The vertices of Qw are the simple W- 
modules up to isomorphism. Two non-isomorphic simple VF-modules are joined in 
Qw if they both appear as components of some constructible representation of W. 
Let be the set of connected components of Qw The connected components of 
Gw are determined explicitly by the results in §22 for W irreducible. 

For example, in the setup of 22.4,22.5 we have Qw = In the setup of 22.24, 
%^ is naturally in bijection with A4a,b;n- (Here, 22.22 is used). In the setup of 
22.25, we have Gw = 

We show that: 

(a) if E, E' are in the same connected component of Qw then E ^cn E' . 
We may assume that both E, E' appear in some constructible representation of 
W. By 22.2, there exists a left cell F such that [E : [F]] ^ 0, [E' : [F]] ^ 0. By 

21.2, we have [E^ : Jg] 7^ 0, [E'^ : j£] ^ 0. Hence E r^cn E', as desired. 

23.2. Let cw be the set of two-sided cells of W, L. Consider the (surjective) map 
lirW — > Cw which to E associates the two-sided cell c such that E '^cn x for 
X G c. By 23.1 this induces a (surjective) map 

(a) uow ^ cw- 
We conjecture that ujw is a bijection. This is made plausible by: 

Proposition 23.3. Assume that W, L is split. Then uJw is a bijection. 

Let E, E' G IrrW be such that E ^cn E' . By 22.3, we can find constructible 
representations C, C such that [E : C] ^ 0, [E' : C] ^ 0. By 22.2, we can find 
left cells F,F' such that C = [F],C" - [F']. Then [E : [F]] 7^ 0, [E' : [F']] 7^ 0. 
Let d eVr)T,d' eVn V. Since 7^ = [F] and [E : [F] ^ 0, we have E r^cn d. 
Similarly, E' ^cn d' . Hence d' ^cn d! . By 18.4(c), there exists w G VF such that 
tdtutd' 7^ 0. (Here we use the splitness assumption.) Note that j 1-^ jtutd' is a 
Jc-linear map — ^ Jc • This map is non-zero since it takes td to tdtutd' 7^ 0. 
Thus, Hom jc(j£,j£') ^ 0. Using 21.2, we deduce that HomvK([F], [F']) ^ 0. 
Hence there exists E G \ttW such that is a component of both [F] = C and 
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[r'] = C. Thus, both E, E appear in C and both E' appear in C . Hence E, E' 
are in the same connected component of Qw The proposition is proved. 

23.4. Assume now that VF, 5, L, u are as in 16.1, 16.3 and W is an irreducible 
Weyl group. 

Let c ~, be the set of all tt-stable two-sided cells of W. Let c*~, be the set of all 

Vv _ W 

two-sided cells of W which meet W. We have C C Cy^. Let / : c^y — ^ 
be the map which attaches to a two-sided cell of W the unique two-sided cell of 
W containing it; this map is well defined by 16.13(a) and is obviously surjective. 

Proposition 23.5. In the setup of 23.4, is a bijection and f : cw — is 
a bijection. 

Since uJw,f ai'e surjective, the composition fuw : — ^ is surjective. 
Hence it is enough to show that this composition is injective. For this it suffices 
to check one of the two statements below: 

(a) tt(%^) = tt(c^); 

(b) the composition 2^ — ^ c — > N©N (where /'(c) = (a(a;), a(a;t(;o))| 
for x e c) is injective. 

Note that the value of the composition (b) at E is (a^;, a£;t). 

Case 1. 14^ is of type G2 and W is of type D4. Then (b) holds: the composition 
(b) takes distinct values (0, 12), (1, 7), (3, 3), (7, 1), (12, 0) on the 5 elements of 

Case 2. W is of type F4 and W is of type E^. Then again (b) holds. 

Case 3. W is of type with n > 2 and W is of type or A2n+i- Then u 
is conjugation by the longest element Wq of W. We show that (a) holds. 

Let Y be the set of all E e IrrW (up to isomorphism) such that tr{wo, E) ^ 0. 
Let Y' be the set of all E' e \itW (up to isomorphism). By 23.4 and 23.1 we have 
a natural bijection between and the set of isomorphism classes of £^ e IrrW^. 
If c G Cy^ corresponds to then the number of fixed points of m on c is clearly 
±dim(E)tr(u;o,^). Hence tt(c*^) = ^F. From 23.1 we have rt(%^) = W- Hence 
to show (a) it suffices to show that IJy = jjy'. But this is shown in [L3]. 

Case 4- Assume that W is of type and W is of type -Bn-i with n > 3. We 
will show that (a) holds. We change notation and write W' instead of W''^ 
instead of W. Then W' is as in 22.26 and we may assume that u : W — > W is 
conjugation by Sn (as in 22.26). Let M^q.^ be the set of all elements in M^q.^ 
whose set of singles is non-empty. Let 

AT,! 



•Ml,0;n = ^li^-^l,0;n- 



By 22.26 and 23.3, c^, is naturally in bijection with A^i o;n- By 23.1, 

is naturally in bijection with A1i,2;n-i- The identity map is clearly a bijection 

^1,2-n-i ^i,OYn ■ induccs a bijection A^i,2;n-i — * ^i,o;n- Hence to prove 
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that < ^{cw') it suffices to prove that ^(A<i,o;n) = ^l-^i.Ojn)- In other 

words, we must show that 

(c) any u-stahle two-sided cell ofW' meets W''^ . 
Now 22.26 and 23.3 provide an inductive procedure to obtain any w-stable two- 
sided cell of W . Namely such a cell is obtained by one of two procedures: 

(i) we consider a fx-stable two-sided cell in a parabolic subgroup of type &k x 
Dn-k (where n — k & [2, n — 1]) and we attach to it the unique two-sided cell of 
W' that contains it; 

(ii) wc take a two-sided cell obtained in (i) and multiply it on the right by the 
longest element of W . 

Since we may assume that (c) holds when n is replaced by n — A; e [2, n — 1], we 
see that the procedures (i) and (ii) yield only two-sided cells that contain w-fixed 
elements. This proves (c). The proposition is proved. 

24. Virtual cells 

24.1. In this section we preserve the setup of 20.1. 

A virtual cell of W (with respect to L : 14^ ^ N) is an element of K(W) of the 
form 7a; (see 20.16) for some x G W. 

Lemma 24.2. Let x E W and let T be the left cell containing x. 

(a) If'y^ ^ then x G T n 

(b) is a C-linear combination of E E IrrW such that [E : [T]] ^ 0. 

Assume that 7^; 7^ 0. Then there exists £■ G IrrJc such that tr(ta;,£) ^ 0. We 
have E = (BdevtdE and t^ '■ £ ^ £ maps the summand td£ (where x ~£ d) into 
td'i where d' ~£ x~^ and all other summands to 0. Since ii{tx,£) 7^ 0, we must 
have td£ = td'£^0 hence d = d' and x ~£ x~^. This proves (a). 

We prove (b). Let d E V D T. Assume that E G Irrl^ appears with 7^ 
coefficient in 7^. Then tr {tx,E^) 7^ 0. As we have seen in the proof of (a), we 
have tdE^ ^ 0. Using 21.3,21.2, we deduce [E^ : J^] ^ Q and [E^ : [T]^] ^ 0. 
Hence [i? : [F]] 7^ 0. The lemma is proved. 

24.3. In the remainder of this section we will give a number of explicit computa- 
tions of virtual cells. 

Lemma 24.4. In the setup of 22.10, wq acts on [A] as multiplication by 
e[Al-(-l)^^^""''^^-^+'^. 

Using the definitions we are reduced to the case where k = n or I = n. If k = n 
we have ejAj = 1 since [A] factors through and the longest clement of is 
in the kernel of Wn — ^ ®n- Similarly, il I = n we have £[a] ~ ^Xr. 

^ = (-1)''. The 

lemma is proved. 

Proposition 24.5. Assume that we are in the setup of 22.23. Let i G Invr-(Z) 
and let k : S,, — > F2 be an affine-linear function. Let 
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c(Z, k) = Eves. (-1)'^^'^^ i^y] e KiW) ■ 
There exists x &W such that = ic(Z', l, k). 

To some extent the proof is a repetition of the proof of 22.24(a), but we have 
to keep track of k, a complicating factor. 

We argue by induction on the rank n oi Z. If n = the result is clear. Assume 
now that n > 1. We may assume that is not a double of Z. Let at be the largest 
entry of Z. 

(A) Assume that there exists i,0 < i < t, such that ai does not appear in Z. 
Then Z is obtained from a multiset Z' of rank n — k < nhy increasing each of the 
k largest entries by a and this set of largest entries is unambiguously defined. The 
set Z' of singles of Z' is naturally in bijection with Z. 

Let t', k' correspond to t, k, under this bijection. By the induction hypothesis, 
there exists x' G Wn-k such that T^""*" = ±c(Z', i', k') G K{Wn-k)- Let w^^k be 
the longest element of Then 

(a) 7!:r J"-'^ = 7£, K 7j"-^ = sgn, M 



and 



W _ 'W 



(b) 



^(sgnfcK7j"- 



'\ \.\W 

) — ^JefexVK^ 



.(sgnfeKc(Z',i',K')) = ±c(Z,i,K), 



as required. 

(B) Assume that there exists i, < i < t such that ai is a double of Z. Let Z 

be as in 22.8 (with respect to our t). Then is not a double of Z and the largest 

entry of Z is at. Let Z be the set of singles of Z. We have Z = {at — z\z ^ Z}. 
Thus Z, Z are naturally in (order reversing) bijection under j 1— > at — j. Let 

i' G InVr(Z) correspond to i under this bijection and let k' : 5^' — > F2 correspond 
to K under this bijection. Define k." : S^i F2 by k"{Y) = k'{Y) + YlyeY ^~^y 

(an affinc-linear function). Since at — ai does not appear in Z, (A) is applicable 

to Z. Hence there exists x' e W such that 7^;/ = ±c(Z, i'. At"). By 20.23, 22.18, 
24.4, we have 

Ix'wo = i-'^y^'^'kilx') = ±C(c(^, t', k")) (g) sgn = ±c{Z, t', k') (g) sgn = ±c(Z, i, k), 
as desired. 

(C) Assume that we are not in case (A) and not in case (B). Then Z = 
{0, a, 2a, . . . , to} = Z. We can find ia, (i + l)a in Z such that t interchanges 
ia, (i + l)a and induces on Z — {ia, [i + l)a} an r-admissible involution li. 
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(CI) Assume first that k{Y) = k{Y * {ia, {i + l)a}) for any Y e St,. (* is 
symmetric difference.) Let 

Z' = {0, a, 2a, . . . ,ia, ia, {i + l)a, {i + 2)a, . . . ,{t — l)a}. 

This has rank n — k < n. The set of singles of Z' is 

Z' = {0, a,2a,...,{i- l)a, {i + l)a, ...,{t- l)a}. 

It is in natural (order preserving) bijection with Z — {ia, {i + l)a}. Hence ti induces 
l' e InVr{Z'). We have an obvious surjective map of affine spaces tt : »S(, — > S^i 
and K is constant on the fibres of this map. Hence there is an affine-linear map 
k' : S^> — > F2 such that k = k'tv. By the induction hypothesis, there exists 
x' G Wn-k such that 7^""*^ = ±c{Z' , l', k') G K{Wn-k)- Let wo,fe be the longest 
element of ©fe- Then (a), (b) hold and we are done. 

(C2) Assume next that k{Y) ^ k{Y * {ia, {i + l)a}) for some (or equivalently 
any) Y e S^. We have 

Z = {0, 0, a, a, 2a, 2a, . . .,ta, ta} — {at — 0, at — a, . . . , at — at} = Z = Z. 

Let i' G lnYr{Z) correspond to t under the bijection z ^-^ ta — z of Z with itself; let 
k' : S^i — > F2 correspond to k under this bijection. Let k" : S^' — > F2 be given by 
k" {Y) = k'{Y) '^~^y (c^ii affine-linear function). Note that // interchanges 

{t — i — l)a, {t — i)a and induces on Z — {{t — i — l)a, (t — i)a} an r-admissible 
involution. We show that for any Y G S^' we have 

k"{Y) = k"{Y *{{t-i- l)a, {t - i)a}), 
or equivalently 

k'{Y) = n'iY *{{t-i- l)a, {t - i)a}) + 1. 
This follows from our assumption k{Y) = k{Y * {ia, (i + l)a}) + 1 for any y G iS, . 
We see that case (CI) applies to l' , k" so that there exists x' & W with — 
±c{Z,l',k"). By 20.23, 22.18, 24.4, we have 

Ix'wo = i-'^y^'^'^Cilx') = ±C{c{Z,i',i^"))^sgn = ±c{Z,L',K')^sgn = ±c{Z,l,k), 
as desired. The proposition is proved. 

24.6. Assume that we are in the setup of 22.27. By 22.27, 

P4 + P16, P12 + P16 + P6, P12 + P16 + Pe 

are constructible, hence (by 22.2, 21.4) are of the form na^d for suitable d e T>, 
hence are ± virtual cells. 

Let d & V he such that najd — P12 + Pie + Pe- Let F be the left cell that con- 
tains d. RecaU (21.4) that [F] = A® B ®C where A = pi2,B = piQ, C = pQ. By 



104 



G. LUSZTIG 



the discussion in 21.10 we see that J^P^ ^ has exactly three simple modules (up 
to isomorphism), namely tdA^,tdB^,tdC^, and these are 1-dimensional. Since 
jrnr -g ^ semisimple algebra (21.9), it follows that it is commutative of dimen- 
sion 3. Hence F fl F"^ consists of three elements (i, x, y. Let Pa^Pb^Pc denote the 
traces of tj; on A^, B^, respectively. Let QAjQe^ Qc denote the traces of ty on 
A^, B^, respectively. By 20.24, Pa,Pb,PC:Qa,Qb,Qc are integers. Recall that 
the traces of ridtd on ^^i^, B^, are 1,1,1 respectively. Since /^^ , /b^ , fc^ a^re 
6, 2, 3 we see that the orthogonality formula 21.10 gives 

+ = 6,1+p| + q| = 2,l+p^ + Q^ = 3, 

1 + PaPb + QaQb = 0,1+ paPc + qAQc = 0, 1 + pbPc + qsQc = 0. 

Solving these equations with integer unknowns we see that there exist e, e' e 
{1,-1} so that (up to interchanging x,y) we have 

(pa, Qa) = (2e, e'), {ps, Qb) = (0, -e'), {pc, qc) = (-e, e')- 

Then €7^ = 2pi2 - pe, <^'ly = P12 - Pw + Pe- Hence 

2pi2 - P6, P12 - P16 + P6 are ± virtual cells. 
The same argument shows that 2pi2 — pe', P12 — Pie + P6' are ± virtual cells. A 
similar (but simpler) argument shows that p4 — pie is ± a virtual cell. 

Assume now that we are in the setup of 22.27 (Case 1). By 22.27, 

Pi + P2, Pi + P8, P2 + P9, P8 + P9, P\ + pL p\ + pL pI + pI^ pI + 

are constructible, hence by 22.2, 21.4 are of the form 77.^7^ for suitable d E T), 
hence are ± virtual cells. By an argument similar to that above (but simpler) we 
see that 

Pi - P2, Pi - P8, P2 - P9, P8 - P9, p1 - pL p\ - pL P2 - pL Ps - pL 
are ± virtual cells. 

24.7. Assume that we are in the setup of 22.29. By 22.29, p2 + P2 is constructible, 
hence by 22.2, 21.4, is of the form 77-^7^ for some d E T>, hence is ± a virtual cell. 
As in 24.6, we see that p2 — P2 is ± a virtual cell. 

25. Relative Coxeter groups 

25.1. Let VF, be a Coxeter group and let u G Aw (see 1.17). We assume that W 
is a Weyl group or an affine Weyl group. Let J be a u-stable subset of S such that 
Wj is finite (that is, J 7^ when W is infinite). Let U :W ^ {permutations of R} 
be as in 1.5. Let W be the set of allweW such that U (w) carries {(1, s); s E J} 
onto itself. (A subgroup of W.) Alternatively, 

yV = {w e W] wWj = Wjw, w has minimal length in wWj = Wjw}. 
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Let K be the set of all it-orbits k on S — J such that Wj\jk is finite. (In the case 
where W is infinite, K consists of all tt-orbits on 5' — J if tt('u\(/S' — J)) > 2 and 
K = if tl(^\(>S' — J)) = 1.) We assume that J is u-excellent in the following sense: 

for any k e K we have Wq^^ Jw^^^ = J. 

For k E K we have Wq^^WqWq^^ = Wq hence 

satisfies t| = 1. 

Uk e K then U{w^'~^'') maps {(1, s); s G J U k} onto {(-1, s);s e J U k}. It 
also maps {(±l,s);s G J} onto {(±l,s);s G J}. Hence it maps G J} 

onto {(—1, -s); s G J}. Similarly, U{wq) maps {(—1, s); s G J} onto {(1, s); s G J}. 
Hence U{Tk) = maps G J} onto G J}. Thus, 

Tfc G W. More precisely, G W", the fixed point set of tt : W ^ W. 

The following result is proved in [LI] assuming that W is a Weyl group (see 
[Lll] for the case where W is an affine Weyl group). 

(a) is a Coxeter group on the generators {Tk;k G K}. Moreover, if W 
is a Weyl group then is a Weyl group; if W is an affine Weyl group and 
^{u\{S — J)) > 2 then is an affine Weyl group; ifW is an affine Weyl group 
and i{u\{S - J)) = 1 then = {1}. 

25.2. We now strengthen our assumption on J by assuming that there exists 
an adjoint reductive group Gj defined over Fq whose Coxeter graph is J (a full 
subgraph of the Coxeter graph of W), such that u : J J is induced by the 
Frobenius map of Gj and that Gj{Fq) admits a unipotent cuspidal representation 
E; let Co be the two-sided cell of Wj (with the weight function given by length) 
corresponding to this unipotent representation in the classification [L5] . The func- 
tion a. : W — s> N (see 13.6) (defined in terms of the weight function given by the 
length) takes a constant value a on Cq and a constant value on c^Tk for k & K 
(see 9.13, P.ll, 15.6). The function {t^; k G K} — Z given by h- > — a takes 
equal values at two elements TkiTk' that are conjugate in (case by case check) 
hence it is the restriction of a weight function L : W"* — > Z. This weight function 
takes > values on {Tk;k G K}. Let : — ^ N be the function defined like 
a.: W — > N (see 13.6) in terms of (instead of W) and the weight function just 
defined. Define a' : W" — > N by a'(a;) — a(jjx) where y is any element of Cq. This 
is independent of the choice ofy, by 9.13, P.ll, 15.6. 

Conjecture 25.3. (a) = bl' ■ 

(b ) Let c be a two-sided cell of ( relative to the weight function L) as in 
25.2. There exists a (necessarily unique) two-sided cell c of W (relative to the 
weight function given by length) such that G c for any y G Cq, a; G c. Moreover 
the map c c is injective. 

This would reduce the problem of computing the two-sided cells of W" (relative 
to the weight function L) to the analogous problem for W (relative to the weight 
function given by length). 
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26. Representations 

26.1. Let W, S be an afSne Weyl group and let u e Aw (see 1.17). Let J be 
a It-stable subset of S with J ^ S. Let W(J) be the set of isomorphism classes 
of unipotent cuspidal representations of Gj{Fq) (as in 25.2). Note that U{J) is 
independent of the choice of Gj. Let E e U{J). Let 7i(W, J, E) be the Iwahori- 
Hecke algebra attached to W (defined as in 25.1 in terms of W, S, J) and to the 
weight function L : — > N (defined as in 25.2). Let Q be as in 1.18. Let 

n'^ = {ae ua = au}, Vt'''^ = {a e VL""; a(J) = J}. 

If a G Q"'"^ then a : W W restricts to an automorphism of as a Coxeter 
group; this automorphism is compatible with the weight function L : — > N 
hence it induces an automorphism of the algebra 'H{W, J, E). Hence we may form 
a semidirect product algebra 7i(W, J, E) <Sia A[n,'^''^] where ^[fi"'-^] is the group 
algebra of O,'^''^ over A. 

Let fo e C* be such that f o = 1 or vq is not a root of 1. Let 

in{w,j,E) ^AA[n'''-'])y, 

be the C-algebra obtained from 7i{W, J, E) 0^ ^[fi"''^] by the change of scalars 
A ^ C^v ^ Vq. Let 

X = Uh:i{n{W, J, E) ®A ^[^^"'■^])a.o 

where Irr stands for the set of isomorphism classes of simple modules of an algebra 
and the disjoint union is taken over all (J, E) as above modulo the action of 0^'. 

On the other hand, let ^ be a connected, simply connected almost simple re- 
ductive group over C, of type "dual" to that of W. Let A{Q) be the group of 
automorphisms of Q modulo the group of inner automorphisms of Q. There is 
a natural action of A{Q) on Q (well defined up to conjugacy) and we form the 
semidirect product Q oiQ and A{Q) via this action. Note that Q may be identified 
with the identity component of Q. Let J be the set of all pairs (C, £) where C is 
a ^-conjugacy class in Q and £ is an irreducible ^-equivariant local system on C. 

Theorem 26.2. There is a natural bijection I J'. 

This is shown in [L11],[L13]. Using this bijection we may transfer the partition 
of I into pieces indexed by the various (J, E) into a partition of into pieces again 
indexed by the various [J^E). This partition can be described purely in terms of 
the geometry of Q (see [L13]). 

27. A NEW REALIZATION OF HECKE ALGEBRAS 

27.1. Let G, F, P, E, W, S, J,W,u,... be as in 0.3. Let H = H{G^, , E). In 
this section we give a new realization of the Hecke algebra H as a function space. 
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We will identify = C (where I is a prime number invertible in Fg) via some 
field isomorphism. 

Let Pq G . Let L be an F-stable Levi subgroup of Pq, NL the normalizer of 
L in G, Zl the centre of L. Let M = NL/Zl- We have canonically NL/L = W 
hence M = U^^gvyM^ where My^ is the inverse image of w under the obvious map 
NL/Zl NL/L. We have Mi = L/Zl = Lad- The conjugation action defines 
an (injective) homomorphism M — > Aut{L) which restricts, for any w e W, to an 

(a) isomorphism of onto an Lad-coset Aut{L)yj in Aut{L). 
By known properties of unipotent representations, there is a unique L^^-module 
structure on Ep^ that extends the given Pq -module structure on Ep^ via the 
obvious homomorphism P(f — > L^^. We choose an M^-module structure t : 
GL(Epq) on Ep(, that extends this L^^-module structure. (This exists by 
known properties of unipotent cuspidal representations.) 

Let w e W and let O^, be the corresponding good G-orbit on 7^ x P. For 

- ^pI - 

(Pi,P2) e let P2 > Pi be the unique isomorphism which takes the image 

of any x e Pi D P2 under Pi n P2 — ^ P2 to the image of a; e Pi n P2 under 
Pi n P2 — > Pi- Then the composition 

P0^^P2^Pl^^P0 

where (71,(72 £ G-, QiPoQi^ — -Pi:fl'2-Po5'2^^ — -P2, may be regarded as an element 
of Aut{L)w (we identify Pq = L). This corresponds under (a) to an element 

27.2. Assume now that F{w) = w. Define ""0 e i? as follows: if (Pi,P2) e 
then (^0)p^ : Epj — > Ep^ is the composition 

thp^ > HiPo ■•^-Po ^ ^Pi 

where 5ri,5r2 £ G"", ^2^0^^' = P2,giPogi^ = Pi; if (^1,^2) ^ then (»0)g : 
Epj — > Ep^ is 0. (("'0)p^ is independent of the choices of gi,g2-) 

27.3. For w as in 27.2 we have = {(P2, Pi) G P x P; (Pi, P2) G O^}. Let 

W={Pi eP^;(Po,Pi) eC^}. 

Then jiW = g^(^) where / is length in W. The composition (^^ (/>)("' 0) has as 
(Po, Po)-component the sum over all Pi e W of the compositions 

H/Pg > H/pg ^ H/p^ > H/Pq ^ H/Pq 

where gi G G^, giPoQi^ = Pi, that is g"^^) times the identity map of Ep^. Thus, 
(a) (™(/))("'"V) = + linear combination of ^'0 with w' ^ 1. 
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27.4. Let w^w' e >V" be such that l{ww') = l{w) + l{w'). (Here I is length in 
W.) Then 

(a) (Pi,P2) G O^, {P2,P3) e =^ (PuPs) e Ow, 

(b) if (Pi.Ps) G Owto' then there is a unique P2 & V such that (Pi,P2) G 

If Pi,P2, P3 are as in (a) we have ipp^ — ipplipp^ • — > Ep^ . From the definitions 
we see that 

(c) = «'«''0. 

27.5. For w e W", ™^ is a basis element of Hq^ . liw = tk^tk2 . . . tfc^ is a reduced 

expression in (see 0.3) then l{w) = i(tfci) + ^(^fc2) "I l"i(tfcr-) (where I is as in 

27.4) and = Tt^^Tt^^ . . .T^^^ (notation of 0.3) is a well defined basis element 
of Hq^ independent of the reduced expression. Hence "^0 = x^T^ where 

with G C* for all w G W^. From 27.4(c) we see that ^(f) is the unit element of 
H. Hence V = Ti. By 27.3(a), we have (^'=0)(^'=(/)) = g'(^'=)(V) + • • • hence 

(b) xlj'^^ = g'(^'=)Ti + linear combination of T„/ with w' ^ 1. 
On the other hand, by 0.3(d) we have T^^ = (^^'^/^ - g-^fc/2)T^^ +ri. Comparing 
with (b) we see that = gK^fe) hence a^^fc = ekq^^'^''^/'^ where ek G {1, —1}. From 
(a) we see that for w G we have = e^q^^^'^^'^ where w t-^ is a, function 
{1, —1} satisfying ek^k'^k ■ ■ ■ — ^k'^k^k' ■ ■ ■ ioi k ^ k' (both products have 
a number of terms equal to the order of TkTk' in W"). It follows that 1— > e^, is a 
group homomorphism W" — > {1,-1}. Since /L^^ = W", we may regard e as 
a homomorphism — > C* which is trivial on L^^. 

27.6. Replacing l : GL(EpJ by its tensor product with e : C* 
we obtain a new homomorphism lq : — > GL{Eip^). If we now redefine ^0 in 
terms of lq rather than i, then the e-f actors disappear and we have 

(a) ^(/) = g^(™)/2T™,zi; G W". 
Note that to is uniquely determined by property (a) and by its restriction to L^^. 

27.7. Let D = dimEp^. Let Y be the set of aU triples (P, P', gUp) where P, P' G 
V and gUp G G/Up is such that gPg~^ = P' (hence gUp — Up/g). Now Y is 
naturally defined over Fg, with Frobenius map 

F : {P,P',gUp) ^ {F{P),F{P'),F{g)Up^p^). 
Let be the set of aU triples (P, P', gU^) where P, P' G and G G'^/C/|' 
is such that gPg~^ = P' (hence gUp = Up,g). We have a bijection Yq Y^ 
given by (P, P', r^t^^) ^ (P, P', gUp). 

Let 03 be the vector space of all functions f : Yq — > C. We define a multiplica- 
tion <B X <B ^ 03, /', /" ^ f* f" by 



(a) {f'*niP.P'.9Uf) = Yl nP.P.9'Uf)f"{P,P',g"U^) 

P,g'U^,g"U? 
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where the sum is taken over all 

P e V^,g'U^ e G^/U^,g"U? e G'^/U^ 

such that 

g'Pg'-' = P,g"Pg"-' = P\g"g' G Uf,g = gU^. 

Equivalently, 

P,9' 

where the sum is taken over all P e ,g' G such that g'Pg'~^ = P. With 
this multiplication, 03 becomes an associative algebra. 

Define k : — > 05 by i— > where K{(f)){P, P' , gUp) is the trace of the 

composition 

Ep — > Ep/ > Ep. 

(This is independent of the choice of g in its C/p-coset; (f)p is as in 0.1.) 
Lemma 27.8. k : H ^ ^ is an algebra homomorphism. 
Let (f),(f)' eH and let (P, P',gU^) e Yo- Then 

Acl^')!^', ^^'^ ^f^p) = tr(Ep ^ Ep, Ep) 

= J]tr(Ep ^ Ep, ^ Ep ^ Ep). 

On the other hand, 
K{<t>)*K{<t>'){P,P',gU^) 

P,g';g'Pg'-^=P 



^ Y: tr(Ep X Ep ^ Ep)tr(Ep ^ Ep, ^ Ep) 



5] tr(EpXEp^Ep)tr(Ep^Ep,^Ep^Ep). 

P,g';g'P3'-i=P 

F 



It is then enough to show that for any P e V , we have 



tr(Ep ^ Ep, Ep ^ Ep) 



^p ^ tr(Ep X Ep ^ Ep)tr(Ep ^ Ep, ^ Ep ^ Ep). 



^P 

g'Pg'-'=P 
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Let 7 e be such that 7P7 ^ = P. We rewrite the equality to be proved using 
the substitution g' = 7/2,: 

(a) tr(Ep ^ Ep) = tr(Ep ^ Ep)tr(Ep Ep) 

where A is the composition Ep — > Ep — ^ Ep and B is the composition Ep — > 

Ep/ — ^ Ep Ep. (Then AB is the composition Ep ^ Ep/ — ^ Ep — ^ 

Ep.) Now (a) follows immediately from the Schur orthogonality relations for the 
matrix coefficients of the irreducible representation of on Ep. The lemma is 
proved. 

27.9. Let w G W". Let : Fq ^ C be the image of g-K^)/2(^<^) (defined as in 
27.2 in terms of lq) under n : H ^ 

If {PuP2,gU^,) e ^0,(^1,^2) ^ then U{P^,P2,gU^J = 0. 

If (Pi, P2, gU^,) e Yo, (Pi, P2) e 0„ then /„(Pi, P2, 5rt/|;) is times the 

trace of the composition 

H/Pj )• H/pg )• H/Pq > tLp^ 

where ^1,^2 £ ^2-^0^2^"'^ = P21 giPo9i^ ~ -^1! ^^^^ ^® assume that 

^1 = S'~^^2 hence 

UPi.P2,9Ufj = g-^(-)/^tr(Ep„ ^"^"''"^-'-^ EpJ 

where g2 G G"^, g2Pog2^ = -P2 (with ctg-ig^^g^ as in 27.1). 

In particular, if {Pi,P2,gU^^) G Fci'i' 7^ ^2 then h{Pi,P2,gU^J = 0; if 
PieV^,ge Pf then 

/i(Pi, Pi, ^7t/^J = tr(Ep, ^ EpJ. 

Thus, fi is not identically zero. 

Here are some properties of the functions which follow immediately from the 
corresponding properties of the functions '^(p using 27.8. 

(a) (/., - g-^'=/Vi)(/r. + g^^/Vi) = for all fc, 

(b) fmfn.' = /w, w, w' e >V^ l{ww') = /(«;) + /(«;'). 

Let H = k{H). This is a subalgebra of 05 generated as a vector space by {fw'iW e 
W"^}. From (b) we see that fifw = fwfi = fw for all w e W^, hence fi is the unit 
element of the algebra H. From (a) we see that /r^. is invertible in this algebra for 
any k and then from (b) we see that is invertible in this algebra for any w G W. 
Since /i ^ we have 7^ for any w G W". Now the have disjoint supports. 
(The support of is contained in where = {(Pi, P2, gUpJ G Y] (Pi, P2) G 
Oyj}.) It follows that the elements fwiw G W") are linearly independent in the 
vector space H. Hence k . H — ^ ^ is an isomorphism of algebras. 

We have thus obtained a new model H for the Hecke algebra H as the vector 
space of functions f : Yq ^ C spanned by the functions fw{w G W") with 
multiplication * as in 27.7. 
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27.10. Let 

Z={{P',gUp,);P' eV,ge G/Up,;gPog-' = P'}. 
Let weW. Let 

= {(P', gUp,) e z, (Po, n e O^}. 

We have a morphism A : Z^, — > Aut{L)w = where X{P' , gUp^) is the compo- 
sition 

L = Po^P'<.Po^L. 

Note that A is a smooth morphism with connected fibres. 

Now Z^ , Myj are naturally defined over with Frobenius maps F and A com- 
mutes with F. Hence A restricts to a map 

(a) ^ M^. 

Define : ^ C by 

fli{P',gUp^)=fUPo.P'.9Up,). 
(Here g e /Ug.) We have 

/^ = g-'(-)/2A*(x(.o)^) 
where x{'^o)w '■ — > C is the character of lq : — > GL(Epg) restricted to 

27.11. The obvious homomorphism Aut{L) Aut{Lad) defines for any w e 

an isomorphism of = Aut{L)w with a connected component of the reductive 
algebraic group Aut{Lad) with identity component Lad- Hence we have the notion 
of character sheaf on Myj (see [L9]). Let be the set of isomorphism classes of 
character sheaves on M^,. Let A e M^. Then A is L^d-equi variant for the conju- 
gation action of M^,. Since A is smooth with connected fibres of fixed dimension, 
a suitable shift of A*(^) is a simple perverse sheaf Jl on Z^. Let Jl* be the unique 
simple perverse sheaf on Z, whose support is the closure in Z of the support of A 
and which satisfies A^z = A. 

Let be the set of all A G such that F*A ^ A. For any A e 
we choose an isomorphism (p : F*A — > A. There are induced isomorphisms 
(f) : F*A ^ i, : ^ i«. Let 

XA,<^ : Ql,XA,4> '■ ^ ^I^Xa»,4> ■ ^ Ql 

be the corresponding characteristic functions (alternating sums of traces of Frobe- 
nius at stalks of cohomology sheaves at various F-fixed points). We have ^ = 
(-l)^A*(cA,,^) where N = dimZiy -dimM^, and c^^^ = c^tt,^|z^- 
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It is known [L9] that the functions xa,(I) (where A runs through M^) form a 
basis for the vector space of functions — > C that are constant on the orbits 
of M^^ (acting on by conjugation). Hence 

where £ C are uniquely determined. Applying A* to both sides we deduce 

A 

Hence 

Jw-Q (-1) 2^^AXAt,cl>\z^- 

A 

The following conjecture provides a geometric interpretation of the polynomials 
Py,w (see 5.3) attached to the Coxeter group W"^ with its weight function L : 
W"" N. 

Conjecture 27.12. Assume that y e . We have 

A 

A 

27.13. We now consider the special case where V is the set of Borel subgroups 
of G and E is the trivial vector bundle C. Then W = W. In this case the 
homomorphism lq is trivial. For w G W" = and (Pi, P2, gUp ) eYq we have 

fUPi, P2, gU^,) = g-^(-')/2, if (Pi, P2) e O^. 

In particular, the functions in k{H) do not depend on the third coordinate gUp^ 
which can therefore be omitted. For /" in k{H) we have 

(/' * nip.p') = Epev- np.p)f"{p.p'). 

In the present case, Conjecture 27.12 states that Py^w\v=,^ is (up to normalization) 
the restriction to Zy of the characteristic function of the intersection cohomology 
sheaf of the closure of in Z. Equivalently, if for w e we set 

V^ = {P'eV; (Po,P')eC„), 
then py yj\y^^ is (up to normalization) the restriction to Vy of the characteristic 
function of the intersection cohomology sheaf of the closure of in P- 

This property is known to be true; it is proved in [KL2] in the case where u = 1 
on W and is stated in the general case in [L3] . 
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27.14. Let G,F,r,E,W,S,J,W,u,... be as in 0.6. Let H = H{G^,r^,E). 
Everything in 27.1-27.13 extends to this case (we replace G by G throughout) 
with the following modifications. In the definition of 05 (see 27.7) we must now 
restrict ourselves to functions / : Yq ^ C such that 

{{P, P') eV^ X V^; f{P, P', gUf) for some g e G^} 

is contained in the union of finitely many G-orbits onV xV. Also, when defining 
the multiplication * in 27.7 only the definition 27.7(a) makes now sense (in 27.7(b) 
the quantity ^{Up) is infinite hence does not make sense). In 27.13 one should use 
Iwahori subgroups instead of Borel subgroups. 
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